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Abstract
Given a Galois extension K/K0 of number fields, a finite group G, and an
epimorphism α: G −→ Gal(K/K0) with solvable kernel, our goal is to embed
K into a Galois extension N of K0 with Galois group Gal(N/K0) ∼= G such
that the restriction map resN/K : Gal(N/K0) −→ Gal(K/K0) coincides with
α and |Ram(N/K0)| ≤ |Ram(K/K0)|+Ω(|Ker(α)|). Here Ram(N/K0) is the
finite set of primes of K0 that ramify in N and Ω(|Ker(α)|) is the number of
the prime divisors, counted with multiplicity, of |Ker(α)|.
We achieve our goal under two conditions: first, the number of roots of
unity in K should be relatively prime to the order of Ker(α). The second
one demands that each local embedding problem resulted from the original
one should be ”weakly solvable”. In fact, our solution locally coincides with
finitely many ”local weak solutions” given in advance.
Our result strengthens a former result of Neukirch in [Neu79], where the
same embedding problem satisfying the same conditions is solved without
giving a bound on the ramification.
In particular, the above mentioned local conditions are satisfied if the
epimorphism α has a section. This leads to a well known result of Shafarevich
that does not assume the condition on the roots of unity but pays with a huge
number of ramified primes (that appears when one analyses Shafarevich’s
proof).
Like in [Neu79], our proof uses class field theory in its cohomological
approach. The bounding of the ramification is based, in addition to the
above mentioned tools, on a strengthening of a lemma of [GeJ98].
ii
Stellenbosch University  https://scholar.sun.ac.za
Opsomming
Laat K/K0 ’n Galois uitbreiding van getalleliggame wees, G ’n eindige groep,
en α: G −→ Gal(K/K0) ’n epimorfisme met oplosbare kern. Ons doel is
om K in ’n Galois uitbreiding N van K0 in-te-bed sodat die Galois groep
Gal(N/K0) ∼= G, en sodat die beperkingsafbeelding resN/K : Gal(N/K0) −→
Gal(K/K0) ooreenstem met α en |Ram(N/K0)| ≤ |Ram(K/K0)|+Ω(|Ker(α)|).
Hier is Ram(N/K0) die eindige versameling van priemdelers van K0 wat in
N vertak, en Ω(|Ker(α)|) is die aantal priemdelers van |Ker(α)|, getel met
multiplisiteit.
Ons bereik hierdie doelstelling onderhewig aan twee voorwaardes: Eerstens
moet die aantal wortels van eenheid in K relatief priem wees aan die orde
van Ker(α). Tweedens eis ons dat elke lokale inbeddingsprobleem, wat volg
uit die oorspronklike een, ”swak oplosbaar” moet wees. Meer presies ges-
tel, sal ons oplossing lokaal ooreenstem met ’n eindige aantal ”lokaal swak
oplossings” wat vooraf gegee word.
Ons resultaat versterk ’n vroee¨r resultaat van Neukirch in [Neu79], waar
’n inbeddingsprobleem wat dieselfde voorwaardes bevredig opgelos word,
maar sonder die grens op die aantal vertakkings.
In die besonder word die lokale voorwaardes bevredig mits die epimor-
fisme α ’n snitafbeelding besit. Hieruit volg dan ook die bekende resultaat
van Shafarevich, wat nie die voorwaarde oor die wortels van eenheid benodig
nie, maar gevolglik ’n baie groot aantal priemdelers wat vertak veroorsaak
(hierdie opmerking word gesien wanneer sy bewys in detail bestudeer word).
Soos in [Neu79], maak ons gebruik van klasliggaamteorie met ’n ko-
homologiese benadering. Die begrensdheid van die aantal priemdelers wat
vertak maak ook gebruik van ’n versterking van ’n hulpstelling uit [GeJ98].
iii
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Notation
K = a number field.
K˜ = a fixed algebraic closure of K.
irr(x,K) = the monic irreducible polynomial over K of an element x ∈ K˜
Gal(L/K) = the Galois group of a Galois extension L/K.
Gal(K) = Gal(K˜/K) = the absolute Galois group of K.
resL/K = the restriction map Gal(L/K0)→ Gal(K/K0) for a tower
of Galois extensions K0 ⊆ K ⊆ L.
P(K) = the set of all primes of K.
Pfin(K) = the set of all finite primes of K.
P∞(K) = the set of infinite primes of K.
Kˆp = a fixed completion of K at p.
Kp = a fixed henselization of K at p.
Ram(L/K) = the finite set of primes of K which ramify in L.
I(L/K) = the inertia group of a Galois extension of local fields L/K of characteristic zero.
ζn = a fixed n-th primitive root of unity in K˜ for a positive integer n.
µ(K) = the set of roots of unity in the field K.
l = a variable for prime numbers.
Cl = the multiplicative cyclic group of order l.
Zˆ = lim←−Z/nZ = the Pru¨fer group.⋃· ni=1Ai = the disjoint union of sets A1, . . . , An.
viii
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Introduction
A sharpened version of the inverse Galois problem is the so called embed-
ding problem. Given a Galois extension K/K0 of number fields, a finite
group G, and an epimorphism α: G → Gal(K/K0), one looks for a Ga-
lois extension N of K0 that contains K such that Gal(N/K0) ∼= G and the
restriction map resN/K : Gal(N/K0)→ Gal(K/K0) coincides with α. Equiv-
alently, one looks for a continuous epimorphism ψ: Gal(K0) → G such that
α ◦ ψ = resK˜0/K . We refer to ψ as a proper solution of the embedding
problem (whereas, if ψ is only a homomorphism as above, we say that ψ is
a solution of the embedding problem). The fixed field N of Ker(ψ) in K˜0
is the solution field of the embedding problem. The question about the
proper solvability of finite embedding problems is of course far from being
settled. But, in those cases where an embedding problem as above is solvable,
we ask whether a solution field N can be found with a bound on the rami-
fication, i.e. bound on the number of the primes of K0 that are ramified in N .
PREVIOUS WORKS. The combinatorial arguments of Shafarevich in [Sha54]
(which was corrected in [Sha89] for l = 2) lead for each finite l-group G to
a Galois extension N of K with Galois group G such that |Ram(N/K)| has
an exponential growth in |G|.
In [GeJ98], Geyer and Jarden use the method of Scholz [Sch37] and
Reichardt [Rei37] in order to realize each l-group G over a global field K
under the condition ζl 6∈ K. If |G| = ln, they construct a Galois extension
N of K with Gal(N/K) ∼= G and |Ram(N/K)| ≤ n + r(K), where r(K)
depends only on arithmetical invariants of K. If K = Q or K = Fq(t), then
r(K) = 0, so the result of [GeJ98] reproduces in this case the result of Serre
in [Se92] that |Ram(N/K)| ≤ n.
The result of [GeJ98] is generalized by Markin and Ullom in [MaU11].
The latter work constructs for each number field K and every finite nilpo-
tent group G a Galois extension N of K with Galois group G. Moreover, if
1
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(Gi)i is a lower central series of G and d(Gi/Gi+1) is the minimal number of
generators of Gi/Gi+1, then |Ram(N/K)| ≤
∑
i d(Gi/Gi+1) + r(K).
Going back to the case of a finite embedding problem α: G → Gal(K/K0)
for number fields, Neukirch observes in [Neu79] that for each prime divisor p
of K0, the completion Kˆp/Kˆ0,p of K/K0 at p gives rise to a local embedding
problem. In the spirit of Scholz-Reichardt, [Neu79] proves that if Ker(α) is
solvable, gcd(|Ker(α)|, |µ(K)|) = 1, and each of the local embedding prob-
lems is solvable, then the original global embedding problem is properly solv-
able. Moreover, one may find a proper solution that coincides on Gal(Kˆ0,p)
with a given local solution ϕp for finitely many p’s. However, [Neu79] gives
no bound on the ramification of the proper solution.
THE MAIN RESULT. It is exactly the latter gap that our work intends to
fill out. To this end we recall that if n =
∏m
i=1 l
ri
i is the decomposition of a
positive integer n into a product of powers of distinct primes l1, . . . , lm, then
Ω(n) =
∑m
i=1 ri. For each p ∈ P(K0), we identity Gal(Kˆ0,p) with Gal(K0,p)
as a subgroup of Gal(K0). We prove the following result:
THEOREM A: Let K/K0 be a finite Galois extension of number fields, set
Γ = Gal(K/K0) and consider a finite embedding problem
(0.1.1) Gal(K0)
ρ=resK˜0/K

1 // H // G α // Γ // 1
with a solvable kernel H. Suppose that
(a1) gcd(|H|, |µ(K)|) = 1 and
(a2) for each p ∈ P(K0) there exists a homomorphism ψp: Gal(Kˆ0,p) → G
such that α ◦ ψp = ρ|Gal(Kˆ0,p) (we call ψp a local solution).
Let T be a finite set of primes of K0 that contains Ram(K/K0) and for
each p ∈ T let ϕp be a local solution. Then, there exists an epimorphism
2
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ψ: Gal(K0)→ G such that α ◦ ψ = ρ and there exists a set R ⊂ P(K0)r T
with |R| = Ω(|H|) that satisfy the following conditions
(b1) For each p ∈ T there exists a ∈ H such that ψ(σ) = a−1ϕp(σ)a for all
σ ∈ Gal(Kˆ0,p).
(b2) The fixed field N in K˜0 of Ker(ψ) satisfies Ram(N/K0) ⊆ T ∪R, hence
|Ram(N/K0)| ≤ |T |+ Ω(|H|).
SPECIAL CASES. Note that if the short exact sequence in (0.1.1) splits,
then the condition in Theorem A about the local solvability is automatically
satisified. Thus in this case, Theorem A holds under the mere conditions
that H is solvable and gcd(|H|, |µ(K)|) = 1.
Also, let S be a finite subset of P(K0) and denote the maximal Galois
extension of K0 in which each p ∈ S totally splits by K0,tot,S. Suppose that
K ⊆ K0,tot,S. Then, assume that S ⊆ T and take ϕp for each p ∈ S as
the trivial homomorphism. We find that the solution field N of (0.1.1) is
contained in K0,tot,S.
Finally, we note that if |G| = ln is an l-group and if we take K = K0,
that is Γ is trivial, Theorem A gives a Galois extension N of K with Galois
group G such that |Ram(N/K)| ≤ n. This improves the estimate of the main
result of [GeJ98] mentioned above.
OUTLINE OF THE PROOF OF THEOREM A. We prove the theorem by
induction on the order of H. We start with a reduction step.
Part 1: A reduction step. We choose a maximal proper subgroup H1 of
H which is normal in G. This breaks up the embedding problem (0.1.1) into
two embedding problems. This first one is
(0.1.2) G
pi

Gal(K0)
ρ

1 // H/H1 // G/H1
α¯ // Γ // 1 ,
3
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where α¯ ◦ pi = α and pi: G→ G/H1 is the quotient map.
Part 2: Induction step. The second one appears as soon as we find a proper
solution ψ¯: Gal(K0)→ G/H1 of embedding problem (0.1.2):
(0.1.3) Gal(K0)
ψ¯

1 // H1 // G
pi // G/H1 // 1.
We have |H1| < |H|. But in order to proceed to the induction, we assume
that embedding problem (0.1.3) satisfies in its objects conditions (a1) and
(a2) of Theorem A. In particular
(c1) gcd(|H1|, |µ(K¯)|) = 1 where K¯ is the fixed field of Ker(ψ¯) in K˜0,
(c2) for each p ∈ P(K0) there exists a homomorphism ψ′p: Gal(Kˆ0,p) → G
such that pi ◦ ψp′ = ψ¯|Gal(Kˆ0,p), i.e. each local embedding problem is
solvable.
The first step of the induction also supplies a finite subset R¯ of P(K0) r T
such that Ram(K¯/K0) ⊆ T ∪ R¯ and |R¯| = Ω(|H/H1|).
Replacing T in Theorem A by T ∪ R¯, an induction hypothesis on the
order of the kernel gives a proper solution ψ to embedding problem (0.1.3)
that satisfies conclusions (b1) and (b2) of Theorem A, again with respect to
the objects associated with (0.1.3). In particular, if N is the fixed field of
Ker(ψ) in K˜0, then there exists a subset R1 of P(K0) r (T ∪ R¯) such that
|R1| = Ω(|H1|) and Ram(N/K0) ⊆ T∪R¯∪R1. Then, ψ is a solution of (0.1.1)
that satisfies (b1) and (b2) for the original embedding problem (0.1.1). Set-
ting R = R¯ ∪R1, we have Ram(N/K0) ⊆ T ∪R and |R| = Ω(|H|).
Part 3: The kernel is a simple module. The choice of H1 in Part 1 implies that
H/H1 is a minimal normal subgroup of G/H1. Since H is solvable, there exist
a prime number l and a positive integer r such that A = H/H1 ∼= Crl . The
action of G¯ = G/H1 on A by conjugation makes A a simple multiplicative
4
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Γ-module (via lifting with α), hence also a simple Gal(K0)-module (through
ρ). The next result strengthens the solvability with bounded ramification of
Embedding problem (0.1.2) such that Embedding problem (0.1.3) satisfies
the induction hypothesis.
PROPOSITION B: Let K/K0 be a finite Galois extension of number fields,
set Γ = Gal(K/K0) and ρ = resK˜0/K . Then consider the finite embedding
problem:
(0.1.4) G
γ

Gal(K0)
ρ

1 // A // G¯ α¯ // Γ // 1 ,
with A ∼= Crl a simple Gal(K0)-module and where γ: G → G¯ is an epimor-
phism of finite groups with a non-trivial solvable kernel. Let n be a multiple
of l|Ker(γ)|. Suppose
(d1) gcd(n, |µ(K)|) = 1,
(d2) for each p ∈ P(K0) there exists a homomorphism ψp: Gal(Kˆ0,p) → G¯
such that α¯ ◦ ψp = ρ|Gal(Kˆ0,p).
Let T be a finite subset of P(K0) that contains Ram(K/K0) and for each p ∈
T let ϕ¯p be a local solution. Then, there exists an epimorphism ψ¯: Gal(K0)→
G¯ such that α¯ ◦ ψ¯ = ρ and there exists a set R¯ ⊂ P(K0) r T with |R¯| =
Ω(|A|) = r that satisfy the following conditions
(e1) For each p ∈ T there exists a ∈ A such that ψ(σ) = a−1ϕ¯p(σ)a for all
σ ∈ Gal(Kˆ0,p).
(e2) The fixed field K¯ in K˜0 of Ker(ψ¯) satisfies Ram(K¯/K0) ⊆ T ∪ R¯.
(e3) gcd(n, |µ(K¯)|) = 1,
(e4) for each p ∈ P(K0) there exists a homomorphism ψ′p: Gal(Kˆ0,p) → G
such that γ ◦ ψ′p = ψ¯|Gal(Kˆ0,p).
5
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Conditions (e3) and (e4) take care of the induction hypothesis (c1) and (c2)
respectively.
Using Condition (d1) (which implies that ζl 6∈ K), Condition (d2)
and the assumption that A is a simple Gal(K0)-module, we conclude from
the local-global principle (Lemma 1.2.8) that there exists a homomorphism
ψ0: Gal(K0)→ G¯ such that α¯ ◦ ψ0 = ρ. However, we still have to adjust ψ0
such that it will be surjective , to find a subset R¯ of P(K0) r T such that
Condition (e2) holds, and to satisfy Condition (e4). In order to achieve those
conditions, we follow [Neu79]. We choose an appropriate crossed homomor-
phism χ: Gal(K0) → A, and consider the adjusted solution ψ¯ = ψ0 · χ of
(0.1.4).
In order to make ψ¯ surjective, we use the Chebotarev density theorem in
order to choose a prime q ∈ P(K0)rT that totally splits in K(ζn) and a cyclic
unramified homomorphism ϕ¯q: Gal(Kˆ0,q) → 〈a〉 ≤ A with a 6= 1, such that
the solution ψ¯ will satisfy ψ¯|Gal(Kˆ0,q) = ϕ¯q. This implies that A ∩ Im(ψ¯) 6= 1.
Since A is a simple Gal(K0)-module, this together with the assumption that
ρ is surjective implies that Im(ψ¯) = G¯, that is ψ¯ is a proper solution of (0.1.3)
(Lemma 4.2.1).
Moreover, the ”ramification of χ” eliminates the ”ramification of ψ0”
up to a set R¯ = {q1, . . . , qr} that satisfies R¯ ⊂ P(K0) r T , |R¯| = Ω(|A|)
and Ram(K¯/K0) ⊆ T ∪ R¯, where K¯ is the fixed field in K˜0 of Ker(ψ¯). The
primes qi are chosen by the Chebotarev density theorem. That theorem gives
us freedom to choose the qi’s away from T and away from the divisors of l. In
addition, the qi’s are also chosen in such a way that ψ¯|Gal(Kˆ0,qi ) is unramified
or cyclically ramified.
Next we prove Condition (e4). The choice of the qi’s leaves us with
three possibilities for each p ∈ P(K0). The first possibility is that p ∈ T . In
this case Condition (e1) and the properties of the homomorphism γ allows
us to lift ψ¯|Gal(Kˆ0,p) to a homomorphism ψ′p such that γ ◦ ψ′p = ψ¯|Gal(Kˆ0,p).
The second possibility is that p ∈ R¯. As mentioned in the previous para-
graph, either ψ¯|Gal(Kˆ0,p) is unramified or cyclically ramified, so we can use
6
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Lemma 1.2.6 or Lemma 1.2.7 to lift ψ¯|Gal(Kˆ0,p) to a homomorphism ψ′p with
γ ◦ ψ′p = ψ¯|Gal(Kˆ0,p). Finally, if p 6∈ T ∪ R¯, then p is unramified in K¯. It this
case, we use Lemma 1.2.6 to lift ψ¯|Gal(Kˆ0,p).
THE CROSSED HOMOMORPHISM χ. The construction of the crossed ho-
momorphism χ mentioned in the preceding paragraphs with bounded rami-
fication is a central ingredient of this work. It occupies the greater part of
Chapters 2 and 3. The element x of H1(Gal(K0), A) that χ represents is it-
self a product x =
(
cor
Gal(K0)
Gal(K) h
) · z, where z is an element of H1(Gal(K0), H)
established in Lemma 3.3.4 (due to [Neu79]) and h: Gal(K)→ A is a homo-
morphism produced by Proposition 2.4.1. Note that Gal(K) acts trivially on
A, hence h can be viewed as an element of H1(Gal(K), A). Proposition 2.4.1
is one of the main ingredients of the proof of Proposition B. It constructs the
homomorphism h: Gal(K)→ A with a bound on its ramification that leads
to a bound on the ramification of χ, and hence that of ψ¯ in Proposition B. It
is proved by induction over r starting from Corollary 2.3.6 which is a trans-
lation of Lemma 2.3.5 by class field theory. Lemma 2.3.5 itself is modelled
after Lemma 7.1 of [GeJ98].
OUTLINE OF THE CONTENTS OF THE CHAPTERS
Chapter 1. Preliminaries. This chapter introduces the basic notions and
tools needed in our work. First we explain what embedding problems are and
what do we mean by ramification of homomorphisms. Then, we introduce
the basic Galois extension K/K0 and a basic set S0 of primes of K. Each
finite set S of primes of K that contains S0 satisfies CK = IK,S/KS, where
CK is the idele class group of K, IK,S is the group of S-ideles, and KS is
the group of S-units. The fourth and last section of the chapter reviews the
notion of cohomology groups, the inflation map, and the restriction map.
Chapter 2. Bound on the ramification of homomorphisms. Strengthening a
7
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result of [GeJ98], we construct a homomorphism h: CK → Cl with a bound on
its ramification. This bound eventually leads to a bound of the ramification
of the solution of the embedding problem we solve in this work. Using class
field theory, we establish an isomorphism Hom(Gal(K), A) ∼= Hom(CK , A),
where A is an abelian group and use this isomorphism to translate h into a
homomorphism from Gal(K) into A. Finally, in the main new result of the
chapter (Proposition 2.4.1 ), we use induction on r and construct a homo-
morphism from Gal(K) to Crl with a bound on the ramification.
Chapter 3. Bound on the ramification of crossed homomorphisms. We
construct a crossed homomorphism χ: Gal(K) → A with a bound on its
ramification, where A = Crl is a simple Gal(K0)-module. A major tool in
the construction is a commutative diagram that involves restriction and core-
striction maps. The main new result of this chapter is Proposition 3.3.5.
Chapter 4. Solving embedding problems with bounded ramification. This
chapter contains the main results of this work. Following [Neu79], we prove
in the first section that the set of all solutions of an embedding problem with
an abelian kernel A, up to equivalence, is a principal homogeneous space
over H1(Gal(K0), A). In particular, the product of a solution and a crossed
homomorphism is again a solution. The second section deals with the so-
lution of embedding problems having an abelian kernel which is a simple
Gal(K/K0)-module. In the third section we carry out the induction step and
conclude the proof of the main theorem. The main new results of the chapter
are Proposition 4.2.2, Theorem 4.3.2, Theorem 4.4.1, and Corollary 4.4.4.
8
Stellenbosch University  https://scholar.sun.ac.za
Chapter 1
Preliminaries
This work is dominated for its large part by class field theory and cohomol-
ogy theory. The aim of this chapter is to provide the necessary notions about
these theories that are used in this work. Also we fix some notations and
technical terms about embedding problems and ramification of homomor-
phisms.
1.1 Topological Group Homomorphisms
First, let us establish some conventions about homomorphisms of topological
groups that we will assume for the rest of this work.
Let G and A be topological groups. Subgroups are by definition closed, so
〈t〉 is the closed subgroup generated by t, for t ∈ G. Every homomorphism
ϕ: G→ A in the category of topological groups is, by definition, continuous.
Therefore, whenever we speak about a homomorphism ϕ: G→ A, we tacitely
assume that ϕ is continuous.
In the rare occasions, when ϕ is constructed from a previously given con-
9
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tinuous homomorphisms and we only know that ϕ(g1g2) = ϕ(g1)ϕ(g2) for all
g1, g2 ∈ G, then we refer to ϕ as an ”abstract homomorphism”.
Whenever A is a finite group, we consider A as a topological group with
the discrete topology. In this case, an abstract homomorphism ϕ from a
topological group G to A is a homomorphism if and only if Ker(ϕ) is open
in G.
In particular, if G is a profinite group and A is finite, then an abstract
homomorphism ϕ: G → A is a homomorphism if and only if Ker(ϕ) is
an open subgroup of G. If, in addition, N/K is a Galois extension and
G = Gal(N/K), then ϕ is a homomorphism if and only if K has a finite
extension L in N with ϕ(Gal(N/L)) = 1.
Next we consider a p-adic field F with a valuation v, a ring of integers O,
and a prime element pi. Then, F× = 〈pi〉×U , where U is the group of units of
O. One knows that U is a profinite group under the p-adic topology (Proof
of Proposition 5.1, p. 135 of [Neu99]). In particular, for each integer m, the
group 〈pim〉U is an open subset of F×. Therefore, h(U) = 1 is a sufficient
condition for an abstract homomorphism h: F× → A to be a homomorphism.
1.2 Embedding Problems and Ramification
In this section we briefly review embedding problems and ramification of ho-
momorphisms. We define the equivalence class of a solution, and give special
cases where the local embedding problems have solutions. Recall that every
given homomorphism of profinite groups is assumed to be continuous.
Let K0 be a number field and p ∈ P(K0). We write Kˆ0,p for the comple-
tion of K0 at p, considering K0 as a subfield of Kˆ0,p. Then we embed K˜0
into
˜ˆ
K0,p, thereby extending p to K˜0. Then K0,p = K˜0 ∩ Kˆ0,p is a Henselian
10
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closure (resp. real closure or algebraic closure) of K0 with respect to p if p
is nonarchimedean (resp. real or complex). Note that K0,p is unique up to
K0-isomorphism. The absolute Galois group Gal(K0,p) of K0,p is the abso-
lute decomposition group Dp of p. If p ∈ Pfin(K0) then by Krasner’s Lemma
([Jar91], Lem. 12.1), K˜0Kˆ0,p =
˜ˆ
K0,p. If p is an infinite real prime, then
Kˆ0,p = R and ˜ˆK0,p = C. Hence K˜0Kˆ0,p = ˜ˆK0,p. If p is an infinite com-
plex prime, then Kˆ0,p = C, so K˜0Kˆ0,p = ˜ˆK0,p. It follows that in each case
resK˜0 : Gal(Kˆ0,p) −→ Gal(K0,p) is an isomorphism. For each p ∈ Pfin(K0), we
denote Kˆ0,p,ur the maximal unramified extension of Kˆ0,p and Iˆp = Gal(Kˆ0,p,ur)
the inertia group.
Next consider a finite Galois extension K of K0 and a prime p ∈ Pfin(K0).
Choose a primitive element x of K/K0 and let f = irr(x,K0). Then, con-
sider the decomposition f = f1 · · · fm of f into irreducible factors over Kˆ0,p.
For each 1 ≤ i ≤ m choose a root xi of fi in K˜0 assuming x1 = x. Then,
the map x 7→ xi extends the inclusion map K0 → Kˆ0,p into an embedding
λi: K → Kˆ0,p(xi). In particular, λ1: K → Kˆ0,p(x) is the inclusion map. We
extend λi to an embedding λi: K˜0 → ˜ˆK0,p. The p-adic valuation ordp of Kˆ0,p
uniquely extends to a discrete valuation of Kˆ0,p(xi) that we also denote by
ordp. Pulling ordp back to K via λi defines a prime Pi ∈ P(K). Specifi-
cally, ordPi(y) = ordp(λi(y)) for each y ∈ K. By [Jan73], p. 88, Thm. 5.1
or [Lan70], p. 38, Thm. 2, P1, . . . ,Pm are the distinct primes of K that
lie over p and KˆPi = Kˆ0,p(xi) is a completion of K at Pi. Furthermore,
KPi = (KˆPi)
λ−1i is a Henselization of K at Pi and Gal(KPi)
λi = Gal(KˆPi).
Let KˆPi,ur be the maximal unramified extension of KˆP and IˆP = Gal(KˆP,ur)
the inertia group of P. Then, KPi,ur = (KˆPi,ur)
λ−1Pi is the maximal unramified
extension of KPi with absolute Galois group IPi = Iˆ
λP
Pi
.
If P is a prime lying over p, then P = Pi for some 1 ≤ i ≤ m. We
write λP for λi and xP for xi. Then, KˆP = Kˆ0,P(xP), KP = (KˆP)
λ−1P ,
Gal(KP)
λP = Gal(KˆP), and I
λP
P = IˆP.
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Let G be a profinite group and ψ: Gal(K0)→ G a homomorphism. Then, the
fixed field N of Ker(ψ) in K˜0 is a Galois extension of K0 with Gal(N/K0) ≤
G. If ψ is surjective then Gal(N/K0) ∼= G.
Definition 1.2.1. For each homomorphism ψ: Gal(K0) −→ G and p ∈
P(K0), we define the homomorphism ψp: Gal(Kˆ0,p) −→ G such that ψp(σ) =
ψ(σ|K˜0)
Definition 1.2.2 (Embedding Problem). Let K/K0 be a Galois extension
of number fields, G a profinite group, and α: G −→ Gal(K/K0) an epimor-
phism. The embedding problem associated with α consists of embedding
K into a Galois extension N of K0 with an isomorphism β: Gal(N/K0) −→ G
satisfying α ◦ β = resN/K . It is equivalent to finding a continuous epimor-
phism ψ: Gal(K0) −→ G such that, if ρ = resK˜0/K , then α ◦ ψ = ρ.
(1.2.1) Gal(K0)
ψ
zz
ρ

1 // Ker(α) // G α // Gal(K/K0) // 1 .
A homomorphism ψ that makes the diagram (1.2.1) commute is a solution
and the fixed field N of Ker(ψ) is a solution field of the embedding problem
(we also say ψ is a Gal(K/K0)-homomorphism). The homomorphism ψ is
a proper solution if it is surjective .
For each p ∈ P(K0), the global embedding problem (1.2.1) gives rise to a
local embedding problem
(1.2.2) Gal(Kˆ0,p)
ρp

1 // Ker(α) // Gp
αp //// Γp // 1
where ρp(σ) = ρ(σ|K˜0) for each σ ∈ Gal(Kˆ0,p), Γp = ρp(Gal(Kˆ0,p)), Gp =
α−1(Γp), αp = α|Gp , and Ker(α) = Ker(αp). If ψ is a solution of embed-
ding problem (1.2.1) then ψp (Def. 1.2.1) is a solution of the local embedding
12
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problem (1.2.2).
The solutions of an embedding problem form equivalence classes as follows.
Definition 1.2.3 (Conjugate Homomorphisms). Let ψ1: Gal(K0) −→ G and
ψ2: Gal(K0) −→ G be homomorphisms that make (1.2.1) commute, that is
α ◦ ψ1 = α ◦ ψ2 = ρ. We say that ψ1 and ψ2 are Ker(α)-conjugate if there
exists an element a ∈ Ker(α) such that
(1.2.3) ψ2(σ) = a
−1ψ1(σ)a for all σ ∈ Gal(K0).
This is an equivalence relation on the set of the solutions of (1.2.1). We
denote by [ψ1] the equivalence class of ψ1. Let Γ = Gal(K/K0). We denote
by HomΓ,ρ,α(Gal(K0), G) the set of all equivalence classes of homomorphisms
which make (1.2.1) commute (or Γ-homomorphisms).
Note that if ψ1 and ψ2 are Ker(α)-conjugate, then Ker(ψ1) = Ker(ψ2). Thus,
every element of an equivalence class [ψ] yields the same solution field of the
embedding problem. Also, if ψ is surjective, then so is every element of [ψ].
We denote by HomΓ,ρ,α(Gal(K0), G)sur the subset of all equivalence classes
of epimorphisms.
Similarly, let ψ1,p: Gal(Kˆ0,p) −→ G and ψ2,p: Gal(Kˆ0,p) −→ G be homo-
morphisms which make (1.2.2) commute (Γp-homomorphisms). Then ψ1,p
and ψ2,p are Ker(αp)-conjugate if there exists an element a ∈ Ker(αp) such
that
(1.2.4) ψ2,p(σ) = a
−1ψ1,p(σ)a for all σ ∈ Gal(K0,p).
Note that Ker(α) = Ker(αp). To simplify the notation, we only say that ψ1,p
and ψ2,p are Ker(α)-conjugate. We denote by HomΓ,ρp,αp(Gal(Kˆ0,p), G) the
set of all equivalence classes [ψp].
Note that if ψ1: Gal(K0) −→ G and ψ2: Gal(K0) −→ G are Ker(α)-conjugate,
then so are ψ1,p and ψ2,p (Def. 1.2.1), for each p ∈ P(K0). Hence, we have
13
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the canonical map
(1.2.5)
HomΓ,ρ,α(Gal(K0), G) −→
∏
p
HomΓ,ρp,αp(Gal(K0,p), G)
[ψ] 7−→ ([ψp])p .
Now let us define some properties of a homomorphism.
Definition 1.2.4. Let ψ: Gal(K0) → G be a homomorphism and let L be
the fixed field of Ker(ψ) in K˜0. Let p ∈ Pfin(K0). We say that
(a) ψ totally decomposes at p if ψp(Gal(Kˆ0,p) = 1 (i.e. ψ(K0,p) = 1),
that is L ⊆ K0,p. In this case p totally splits in L. In the case where
L/K0 is finite, then L has [L : K0] primes that lie over p.
(b) ψ is unramified at p if p is unramified in L, that is ψp(Iˆp) = 1.
We denote the set of primes at which ψ ramifies by Ram(ψ). Then
Ram(ψ) = Ram(L/K0).
(c) ψ is cyclic if it factors through a cyclic extension of K0, that is, there
exists a cyclic extension K ′/K0 such that ψ(Gal(K ′)) = 1.
Remark 1.2.5. Note that if a Γ-homomorphism ψ: Gal(K0) −→ G is un-
ramified at a prime p then each Γ-homomorphism in the equivalence class
[ψ] ∈ HomΓ,ρ,α(Gal(K0), G) is also unramified at p since Ker(ψ′) = Ker(ψ)
for each ψ′ ∈ [ψ]. In this case we say that [ψ] is unramified at p. 
Special local embedding problems. In view of the canonical map (1.2.5),
a necessary condition for the global embedding problem (1.2.1) to have a
solution is that each corresponding local embedding problem (1.2.2) has a
solution.
The following lemma ensures that the local embedding problem (1.2.2) in-
duced by the global embedding problem 1.2.1) has a solution if p is unramified
in K.
14
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Lemma 1.2.6. Let λ: G −→ G¯ be an epimorphism of profinite groups. Let
p ∈ P(K0), and let ψ¯p: Gal(Kˆ0,p) −→ G¯ be an unramified homomorphism.
Then, ψ¯p can be lifted to an unramified G¯-homomorphism ψp: Gal(Kˆ0,p) −→
G. Thus HomG¯,ψp,λ(Gal(Kˆ0,p), G) 6= ∅.
Proof. Since ψ¯p is unramified, there exists a unique homomorphism
ϕ¯p: Gal(Kˆ0,p)/Iˆp −→ G¯ such that ϕ¯p ◦ pi = ψ¯p, where pi: Gal(Kˆ0,p) −→
Gal(Kˆ0,p)/Iˆp is the quotient map. One knows that Gal(Kˆ0,p)/Iˆp ∼= Zˆ ([Se79],
p. 55). Let σ¯ be the image of 1 ∈ Zˆ under this isomorphism. Let g¯ ∈ G¯ such
that g¯ = ϕ¯p(σ¯), and let g ∈ G such that λ(g) = g¯. Define a continuous homo-
morphism ϕ¯′p: Gal(Kˆ0,p)/Iˆp −→ G by ϕ¯′p(σ¯) = g. Then λ◦ ϕ¯′p = ϕ¯p. Consider
the continuous homomorphism ψp: Gal(Kˆ0,p)
pi−−→ Gal(Kˆ0,p)/Iˆp
ϕ¯′p−−−→ G. We
have, λ ◦ ψp = λ ◦ ϕ¯′p ◦ pi = ϕ¯p ◦ pi = ψ¯p. Thus, ψp is a G¯-homomorphism,
i.e. [ψp] ∈ HomG¯,ψ¯p,λ(Gal(Kˆ0,p), G).
Gal(Kˆ0,p)
pi

ψp

ψ¯p

Gal(Kˆ0,p)/Iˆp
ϕ¯p

ϕ¯′p
{{
G
λ // G¯ .
Moreover, for each τ ∈ Iˆp, we have ψp(τ) = ϕ¯′p(pi(σ)) = ϕ¯′p(1) = 1. Thus ψp
is unramified. 
If the given homomorphism ramifies at the prime p, under some other con-
ditions, the case where it is locally cyclic at p allows us to solve the corre-
sponding local embedding problem.
Lemma 1.2.7. Let λ: G → G¯ be an epimorphism of profinite groups with
finite kernel. Suppose Cl ≤ G¯. Set e = |Ker(λ)| and let n be a multiple
15
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of el. Let p ∈ P(K0) with p - l. Suppose ζn ∈ K0,p. If ψ¯p: Gal(K0,p) →
Cl ≤ G¯ is ramified (ψ¯p(Ip) 6= 1), then ψ¯p can be lifted to a G¯-homomorphism
ψp: Gal(K0,p)→ G.
Gal(K0,p)
ψ¯p

ψp
zz
G′ λ // G¯
Proof. Let Np be the fixed field of Ker(ψ¯p). Then Np/Kˆ0,p is a cyclic ramified
extension of degree l. Since p - l, the ramification is tame. By Proposition 1(i)
of ([CaF67], p. 32), there exists a prime element pi of Kˆ0,p with Np = Kˆ0,p( l
√
pi)
Let σ¯ be a generator of Gal(Np/Kˆ0,p) and choose σ ∈ G with λ(σ) = σ¯.
Denote the order of σ by d, let λ′ = λ|〈σ〉, and set e′ = |Ker(λ′)|. Since
Ker(λ′) is a subgroup of Ker(λ), we have e′|e. Since d = e′l, e′|e and el|n,
then d|n. Hence, ζd ∈ Kˆ0,p. Thus, N ′p = Kˆ0,p( d
√
pi) is a cyclic extension of
Kˆ0,p of degree d that contains Np. Since Np is the fixed field of Ker(ψ¯p),
there exists an epimorphism ϕ¯p: Gal(N
′
p/Kˆ0,p) −→ Gal(Np/Kˆ0,p) such that
ψ¯p = ϕ¯p ◦ res ˜ˆ
K0,p/N ′p
.
We choose a generator τ of Gal(N ′p/Kˆ0,p) such that ϕ¯p(τ) = σ¯. Consider
the homomorphism h: Gal(N ′p/Kˆ0,p) −→ G with h(τ) = σ. Then, the homo-
morphism ψp = h ◦ res ˜ˆ
K0,p/N ′p
satisfies λ ◦ ψp = ψ¯p.
Gal(Kˆ0,p)
res ˜ˆ
K0,p/N
′
p
uu 
ψ¯p
zz
Gal(N ′p/Kˆ0,p)
ϕ¯p //
h

Gal(Np/Kˆ0,p)

G
λ // G¯

The condition that each local embedding problem has a solution is not suffi-
cient for the global embedding problem to have a solution. However, under
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some additional conditions, we have the following local-global principle.
Lemma 1.2.8 ([Neu79], Lem. 4). Consider the embedding problem (1.2.1).
Suppose Ker(α) ∼= Crl , for some prime number l, is a simple Gal(K0)-module
(with the action induced by the homomorphism α and then by ρ) . If ζl 6∈ K,
then
HomΓ,ρ,α(Gal(K0), G) 6= ∅ if and only if
∏
p
HomΓ,ρp,α(Gal(Kˆ0,p), G) 6= ∅.
One of the important tools in bounding the ramification of a solution of an
embedding problem is the Chebotarev density theorem.
Chebotarev Density Theorem. Let L/K0 be a finite Galois extension of
Global fields and let C be a conjugacy class in Gal(L/K0). Then the Dirichlet
density of {p ∈ P(K0) |
(L/K0
p
)
= C} exists and is equal to |C|
[L: K0]
.
The Artin symbol
(L/K0
·
)
is defined only for the primes p ∈ P(K0) which
are unramified in L, so the prime chosen in accordance with the Chebotarev
density theorem is consequently unramified ([FrJ08], Thm. 6.3.1).
Note that a prime p of K0 totally splits in L (i.e L has [L : K0] primes that
lie over p) if and only if the Frobenius
[L/K0
P
]
is equal to 1, for P ∈ P(L)
with P|p. Thus, applying the Chebotarev density theorem in the case where
C = 1, we conclude that K0 has infinitely many primes that totally split in
L.
1.3 A Basic Set of Primes
and the Reciprocity Law
The reciprocity law plays a significant role in the construction of a homomor-
phism with a bound on its ramification. In this section, we present results
from class field theory which we apply in this work. For details, we refer the
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reader to chapters 4, 5 and 6 of [Neu99] , or to chapters 6 and 7 of [CaF67].
Let K be a number field and let P ∈ P(K). If P is archimedean, then
KˆP = R or KˆP = C. In this case, set UP = Kˆ×P and piP = 1. If P is
nonarchimedean, then KˆP is a complete discrete valuation field with a finite
residue field. In this case, we denote the corresponding normalized valuation
by vP , and we choose a prime element piP in KˆP, that is vP(piP) = 1. We
set UP to be the group of units of KˆP.
For a finite set S of primes of K such that P∞(K) ⊆ S, we define the
group of S-units of K as KS = {x ∈ K | vP(x) = 0 for all P 6∈ S}.
An idele of K is an element α = (αP)P ∈
∏
P∈P(K) Kˆ
×
P , where αP ∈ UP
for all but finitely many P. The ideles of K form a multiplicative group
denoted by IK . That is, IK is the restricted product of the multiplicative
groups KˆP with respect to the subgroups UP. A basis of neighbourhoods of
1 ∈ IK is given by the sets ∏
P∈S
VP ×
∏
P6∈S
UP,
where S runs over the finite sets of primes of K with P∞(K) ⊆ S and VP
runs over a basis of neighbourhoods of 1 ∈ Kˆ×P . In particular
UK =
∏
P∈PK
UP
is open in IK . The group IK is a locally compact topological group ([Neu99],
p. 361).
(1.3.1) If A is a finite group, then an abstract homomorphism h: IK → A
is continuous if and only if h(UP) = 1 for almost all P ∈ P(K) and
h|Kˆ×P is continuous for the rest of the P’s.
For a finite set S of primes of K, the group IK,S =
∏
P∈S Kˆ
×
P ×
∏
P6∈S UP is
the group of S-ideles of K.
18
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The multiplicative group K× is embedded diagonally in IK . Each x ∈ K×
corresponds under this embedding to the idele (xP)P with xP = x for each
P ∈ P(K). We view K× as a subgroup of IK and call its elements principal
ideles. The subgroup K× is discrete and therefore closed in IK (Chapter 5,
Section 1 of [Neu99]).
The factor group CK = IK/K
× is called the idele class group of K. It is
a Hausdorff locally compact group ([Neu99], p. 361).
Let JK and PK be the group of fractional ideals and principal fractional
ideals of K respectively. The class group ClK = JK/PK is a finite group
([Neu99], p. 36, Thm. 6.3). Its order hK is the class number of K. The
connection between idele and ideal classes of K is given by ClK ∼= IK/UKK×
(see p. 360, Prop. 1.3 of [Neu99]). This connection implies that each element
of CK can be represented by an S-idele for some finite set S of primes in the
following way.
Setup 1.3.1. (Basic Set) Let α1, . . . , αhK be representatives of IK modulo
UKK
×. Let S0 be the set of infinite primes and all finite primes P such that
vP(αi,P) 6= 0 for at least one i. Let S be a finite set of primes with S0 ⊆ S.
Then IK = IK,SK
×. Indeed, for an idele α ∈ IK , there exists i ∈ {1, . . . , hK}
such that α ∈ αiUKK×. Thus α = αiux for some u ∈ UK and x ∈ K×.
Since S0 ⊆ S, for each P ∈ P(K) r S, vP(αi,P) = 0. Hence, αi ∈ IK,S, so
αiu ∈ IK,S. It follows that α ∈ IK,SK×. By definition, IK,S ∩ K× = KS.
Therefore,
(1.3.2) CK = IK,S/KS
See also p. 360, Prop. 1.4 of [Neu99].
Definition. (Basic set) We add the primes of K that divide a fixed prime
number l to the set S0 defined in the preceding paragraph and call it a basic
set of K.
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The following well known Lemma is useful for determining a quotient of the
idele class group CK .
Lemma 1.3.2. Let a be an element of K×. We assume that a is an l-power
in KˆP for every prime P ∈ P(K). Then, a is an l-power in K.
Proof. Assume toward contradiction that a is not an l-power in K. Then,
X l − a is irreducible over K ([Lan93], p. 297, Thm. 9.1). We denote the
splitting field of X l − a over K by N and choose a root x of X l − a. Then,
H = Gal(N/K(x)) is a proper subgroup of G = Gal(N/K). Hence, G r⋃
σ∈GH
σ is a proper subset of G (Lem. 13.3.2, [FrJ08]). By Chebotarev
density theorem, K has a prime divisor P which is unramified in N such
that
(N/K
P
)
⊆ Gr⋃σ∈GHσ. This implies that X l − a has no root in KˆP,
which is a contradiction. 
Remark 1.3.3. Let S be a finite set of primes of K with P∞(K) ⊆ S and l
a prime number. By Lemma 1.3.2, KS ∩ I lK,S = K lS. We use a bar to denote
the reduction of elements and subgroups of IK,S modulo I
l
K,S. Hence,
KS = KS/K
l
S
∼= KSI lK,S/I lK,S.
Therefore,
IK,S/KS ∼=
(
IK,S/I
l
K,S
)
/
(
KSI
l
K,S/I
l
K,S
) ∼= IK,S/KSI lK,S
is a quotient of CK = IK,S/KS (see equality 1.3.2). 
Now, let L/K be a finite Galois extension. A basic tool for our work is the
Artin reciprocity law:
Proposition 1.3.4 (Global reciprocity law). ([Neu99],p. 391, Thm. 5.5 or
[CaF67], p. 172, Thm. 5.1 (B)) For every finite Galois extension L/K of
number fields, we have a canonical isomorphism
rL/K : Gal(L/K)
ab −→ CK/NL/KCL
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where Gal(L/K)ab is the maximal abelian factor group of Gal(L/K). The
inverse of rL/K gives the continuous surjective norm residue symbol
( , L/K): CK −→ Gal(L/K)ab
with kernel NL/KCL (see the definition of NL/K : CL −→ CK in [Neu99],
p. 373).
Proposition 1.3.5 (Existence Theorem). ([Neu99], p. 395, Thm. 6.1 or
[CaF67], p. 172, Thm. 5.1(D)) The map L 7→ NL/KCL is a 1-1 correspondence
between the finite abelian extensions L/K and the closed subgroups of finite
index in CK .
Now, suppose L/K is a finite Galois extension of nonarchimedean local fields.
Similarly, we have the local reciprocity law.
Proposition 1.3.6 (Local reciprocity law). ([Neu99], p. 320, Thm. 1.3)
(a) For every finite Galois extension L/K of nonarchimedean local fields,
we have an isomorphism
rL/K : Gal(L/K)
ab −→ K×/NL/KL×
which gives the continuous surjective norm residue symbol
( , L/K): K× −→ Gal(L/K)ab
with kernel NL/KL
×.
(b) If L/K is abelian, then ( , L/K) maps the group of units UK of K onto
the inertia group I(L/K) (p. 354, Thm. 6.2, [Neu99]).
The reciprocity law is compatible with the restriction map of finite Galois
extensions:
Proposition 1.3.7. ( [Neu99], p. 302, Prop. 6.4) Let K ⊆ L ⊆ L′ be a
tower of finite Galois extension of number fields (resp. of nonarchimedena
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local fields). Then we have the commutative diagram:
CK
( ,L′/K) //
( ,L/K)
##
Gal(L′/K)ab
res

Gal(L/K)ab
(resp.
K×
( ,L′/K) //
( ,L/K)
$$
Gal(L′/K)ab
res

Gal(L/K)ab ).
We have an embedding of Kˆ×P into IK which associates each element α ∈ Kˆ×P
to (αQ)Q ∈ IK with αP = α and αQ = 1 for Q 6= P. Under this embedding,
Kˆ×P ∩K× = 1, so we can consider Kˆ×P as a subgroup of CK . Then we have
the compatibility of the local and the global reciprocity law.
Proposition 1.3.8. ([Neu99], p. 391, Prop. 5.6) Let L/K be a finite abelian
extension of number fields and P ∈ Pfin(K). Then, the following diagram
commutes
Kˆ×P

( ,LˆP/KˆP) // Gal(LˆP/KˆP)

CK
( ,L/K) // Gal(L/K) .
1.4 Cohomology Groups
and Special Mappings
The modules we use in this work are multiplicative and we use exponential
notation from the right for the action of the groups on the modules. In
contrast, books about cohomology (e.g. [NSW00]) mostly consider additive
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modules on which groups act from the left. This difference does not change
the essence of the cohomology theory, because the category of left modules is
equivalent to the category of right modules. However, the explicit formulas
of cochains do change when we go from action from the left to action from
the right.
In this section we briefly introduce the basic concepts of cohomology of mod-
ules with right action, and some special mappings. Our introduction follows
Chapter I of [NSW00].
Let G be a profinite group and A a multiplicative abelian group on which
G acts from the right. The image of the action of an element σ of G on an
element a of A is written as aσ.
(A) Continuous Maps ([NSW00], p. 10,11). For each integer n ≥ 0
the multiplicative group X(n) = Mapcont(G
n+1, A) of all continuous maps
x: Gn+1 −→ A, with A carrying the discrete topology, becomes a right G-
module by setting
xτ (σ0, . . . , σn) = x(σ0τ
−1, . . . , σnτ−1)τ for x ∈ X(n) and τ, σ0, . . . , σn ∈ G.
The coboundary operator ∂ = ∂n: X(n−1) −→ X(n) is defined for each
n ≥ 1 analogously to the case of left modules by
(∂nx)(σ0, . . . , σn) =
n∏
i=0
x(σ0, . . . , σˆi, . . . , σn)
(−1)i ,
where the hat on σi hints that σi has to be omitted. We also set ∂
0(a) as the
constant function G −→ A that maps each σ ∈ G onto a. One proves that
the sequence
(1.4.1) A ∂
0
// X(0) ∂
1
// X(1) // · · ·
is exact ([NSW00], p. 10, Prop. 1.2.1).
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(B) Cochains ([NSW00], p. 11). We write Cn = Cn(G,A) for the group
of all n-dimensional homogeneous cochains, that is all x ∈ X(n) that are
fixed by G. Thus, x ∈ X(n) is a homogeneous cochain if and only if it satisfies
(1.4.2) x(σ0, . . . , σn)
τ = x(σ0τ, . . . , σnτ) for all σ0, . . . , σn, τ ∈ G.
Note that ∂n(Cn−1) ≤ Cn. Hence, the exact sequence (1.4.1) gives rise to a
complex
(1.4.3) C0 ∂
1
// C1 ∂
2
// C2 // · · · ,
i.e. ∂n+1 ◦ ∂n = 1. In particular, Im(∂n) ≤ Ker(∂n+1) for each n ≥ 0. We
write
Zn(G,A) = Ker(∂n+1: Cn(G,A) −→ Cn+1(G,A))
Bn(G,A) = Im(∂n: Cn−1(G,A) −→ Cn(G,A))
for the multiplicative groups of (homogeneous) cocycles and (homogeneous)
coboundaries. By definition, B0(G,A) = 1 and we also have Bn(G,A) ≤
Zn(G,A), so we write Hn(G,A) = Zn(G,A)/Bn(G,A) for the nth coho-
mology group of the G-module A with H0(G,A) = AG = {a ∈ A | ag =
a for each g ∈ G}.
(C) Inhomogeneous cochains ([NSW00], p. 12). We write C0 = C0(G,A) =
A and Cn(G,A) = Mapcont(Gn, A) for the group of all inhomogeneous n-
cochains, n = 1, 2, . . .. There is an isomorphism Cn −→ Cn that maps each
x ∈ Cn to the inhomogeneous cochains y ∈ Cn defined by
y = x(1) for n = 0 and y(σ1, . . . , σn) = x(σ1σ2, σ1σ2σ3, . . . , σ1σ2 · · ·σn, σn, 1) for n ≥ 1.
The inverse map is defined by
(1.4.4) x(σ0, . . . , σn) = y(σ0σ
−1
1 , σ1σ
−1
2 , . . . , σn−1σ
−1
n )
σn .
The coboundary operation ∂n: Cn−1 −→ Cn yields by this isomorphism
a coboundary operation ∂n: Cn−1 −→ Cn that have the following explicit
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(inhomogeneous) form:
(∂ny)(σ1, . . . , σn) = y(σ1, . . . , σn−1)σn
· y(σ2, . . . , σn)(−1)n
·
n−1∏
i=1
y(σ1, . . . , σi−1, σiσi+1, σi+2, . . . , σn)(−1)
i
.
In particular,
(1.4.5)
(∂1a)(σ) = aσa−1 for a ∈ A = C0,
(∂2y)(σ1, σ2) = y(σ1)
σ2 · y(σ2) · y(σ1σ2)−1 for y ∈ C1.
Setting
Zn(G,A) = Ker(∂n+1: Cn(G,A) −→ Cn+1(G,A))
Bn(G,A) = Im(∂n: Cn−1(G,A) −→ Cn(G,A)),
the isomorphisms Cn(G,A) −→ Cn(G,A) yield isomorphisms
Hn(G,A) ∼= Zn(G,A)/Bn(G,A).
The groups of cochains Cn(G,A) (resp. Cn(G,A)) are functors in A. The
boundary operators ∂: Cn−1(G,A) −→ Cn(G,A) are morphisms between
these functors ([NSW00], p. 34, §3). Hence, also the coboundary groups
Bn(G,A) and the cocycles groups Zn(G,A) are functorial in A.
As for left modules, each short exact sequence 0 −→ A α−−−→ B β−−−→ C −→ 0
of discrete G-module gives rise for each n ≥ 0 to a long exact sequence of
cohomology groups:
0→ AG → BG → CG δ−−→ H1(G,A)→ · · ·
· · · → Hn(G,A)→ Hn(G,B)→ Hn(G,C) δ−−→ Hn+1(G,A)
where δ’s are the connecting homomorphisms ([NSW00], p. 26, Thm. 1.3.2).
In this work, particularly in chapter 4, we work with the inhomogeneous
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1-cocycles.
(D) The group H1(G,A) ([NSW00], p. 16). By definitions of Z1(G,A)
and B1(G,A) and from (1.4.5), the inhomogeneous 1-cocycles (crossed ho-
momorphisms) are functions χ: G −→ A such that
χ(στ) = χ(σ)τχ(τ) for all σ, τ ∈ G,
and the inhomogeneous 1-coboundaries are the functions that satisfy
χ(σ) = aσa−1 for all σ ∈ G,
for some a ∈ A.
Now we assume for the rest of this section that A is a finite G-module.
If G acts trivially on A, then H1(G,A) = Hom(G,A). Since Aut(A) is finite
and the map G→ Aut(A) is continuous, G has an open normal subgroup N
such that each ν ∈ N acts trivially on A. We claim that an abstract crossed
homomorphism χ is continuous exactly when Ker(χ) is an open subgroup of
G. Indeed, in this case, H = N ∩ Ker(χ) is an open subgroup of G. Given
η ∈ H and σ ∈ G, we have χ(ση) = χ(σ)ηχ(η) = χ(σ). It follows that χ−1(a)
is an open subset of G for each a ∈ A, as claimed.
(E) Special Mappings ([Rib70], p. 106-134). Let g: G −→ G′ be a con-
tinuous homomorphism of profinite groups, let A (resp. A′) be a G-module
(resp. G′-module), and let f : A′ −→ A be a group homomorphism. We say
that g and f are compatible maps if
f
(
(a′)g(σ)
)
= f(a′)σ for all σ ∈ G and a′ ∈ A′.
(1.4.6) Each pair of compatible maps g, f yields homomorphisms of the
groups of cochains (g, f): Cn(G′, A′) −→ Cn(G,A), for n ≥ 0, de-
fined by
(g, f)(x′)(σ1, . . . , σn) = f(x′(g(σ1), . . . , g(σn))).
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(1.4.7) The homomorphism (g, f) commutes with ∂ and therefore induces
homomorphisms Hn(G′, A′) −→ Hn(G,A) for n ≥ 0.
(F) The restriction map. If H is a closed subgroup of G and A a G-
module, then A is an H-module. Consider the compatible maps H ↪→ G and
A
id−−→ A. Then, (1.4.6) and (1.4.7) give rise to homomorphisms
res: Hn(G,A) −→ Hn(H,A), n ≥ 0
called the restriction maps. The restriction maps are functorial in the
G-modules, and commute with the connecting homomorphisms ([NSW00],
p. 46, Prop. 1.5.2). That is, if 0 → A α−−→ B β−−→ C → 0 is a short exact
sequence of G-modules, then the diagram
Hn(G,C)
res

δ // Hn+1(G,A)
res

Hn(H,C) δ // Hn+1(H,A)
is commutative. For n = 1, if x ∈ H1(G,A) is represented by χ: G −→ A,
then x|H = res(x) ∈ H1(H,A) is represented by χ|H : H −→ A, with
χ|H(σ) = χ(σ) for all σ ∈ H.
(G) The inflation map. Let H be an open normal subgroup of G and
let A be a G-module. Then G/H acts continuously on AH by aσH = aσ
for each σ ∈ G and a ∈ AH , so AH is a G/H-module. The projection
G −→ G/H and the inclusion AH ↪→ A are compatible maps. Hence, again
by (1.4.6) and (1.4.7), they induce homomorphisms
inf: Hn(G/H,AH) −→ Hn(G,A), n ≥ 0
called inflation maps.
For n = 1, if x¯ ∈ H1(G/H,AH) and χ¯: G/H −→ AH its representative, then
χ: G −→ G/H χ¯−−→ AH ↪→ A is a representative of inf(x) ∈ H1(G,A). Fur-
thermore, we have the following exact sequence ([NSW00], p. 66, Prop. 1.6.6):
(1.4.8) 1 // H1(G/H,AH) inf // H1(G,A) res // H1(H,A) .
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Chapter 2
Bound on the ramification of
homomorphisms
In this chapter, we construct a continuous homomorphism h: Gal(K) −→ A,
where A = Crl for some prime number l and a positive integer r, which co-
incides with some given local homomorphisms hP: Gal(KˆP) −→ A, where P
ranges over a finite set S of primes of K. Moreover, we give a bound on the
ramification of h that depends on the finite set S and on r.
The construction of h as above is an essential ingredient in solving a finite em-
bedding problem with solvable kernel and with a bound on the ramification.
The first step for this type of embedding problem is to solve an embedding
problem with an abelian kernel. Let K/K0 be a Galois extension of number
fields. Consider the embedding problem
(2.0.1) Gal(K0)
ρ

1 // A // G¯ α¯ // Gal(K/K0) // 1
where A is a simple Gal(K/K0)-module. One solves (2.0.1) with bounded
ramification in two steps. The first step provides a solution ψ0: Gal(K0) −→
G¯ without giving any bound on the ramification. In the second step we multi-
ply ψ0 by a crossed homomorphism χ: Gal(K0) −→ A and obtain the desired
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solution ψ¯ = ψ0 · χ with an explicit bound on the ramification. For that,
the ramification of χ itself has to be bounded. We construct χ in Chapter 3
as the image of h under a certain corestriction map, multiplied by another
suitable crossed homomorphism. Both χ and h ramify at most at the same
number of primes.
As always, all of our homomorphisms and crossed homomorphisms need to
be continuous.
2.1 Preliminary Result
When solving an embedding problem with solvable kernel with bounded ram-
ification, the solution ψ¯ of the first step, i.e. an embedding problem with
abelian kernel, must satisfy some conditions that ensure the solvability of
the resulting embedding problem in the next step. First it has to be compat-
ible with finitely many local solutions which are given in advance. Next, we
have to ensure that each local embedding problem arising in the next step
is solvable. We do this by using Lemma 1.2.6 and Lemma 1.2.7. This forces
us to ensure that each ramified local embedding problem of the next step is
cyclic. Finally, we have to bound the ramification of ψ¯ (see Def. 1.2.4(b)).
These three conditions are inherited by the solution ψ¯ from the homomor-
phism h that we construct in this chapter.
We say that a Galois extension L/K is an l-extension if the order of the
Galois group Gal(L/K) is a power of l.
We improve the following result in Lemma 2.3.5, in terms of the choice of the
prime Q ∈ P(K), in order to construct our homomorphism h that satisfies
the three conditions described above.
Lemma 2.1.1. ([GeJ98], Lem. 7.1) Let S be a finite set of primes of K
which contains the basic set S0 (Setup 1.3.1). Let L be a finite l-extension
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of K and let n be a positive integer. For each P ∈ S let hP: KˆP −→ Cl be a
homomorphism. Suppose ζl 6∈ K. Then there exists a prime Q ∈ P(K)r S
and there exists a continuous homomorphism h: CK −→ Cl such that
(a) L(ζln) ⊆ KˆQ,
(b) for each P ∈ S, h|KˆP = hP,
(c) h(UQ) = Cl,
(d) for each P ∈ P(K)r (S ∪· {Q}), h(UP) = 1.
2.2 Isomorphism of Hom(Gal(K), A)
and Hom(CK, A)
The construction of the homomorphism h: Gal(K)→ A with A ∼= Cnl starts
with the construction of a homomorphism h¯: CK → A, as in Lemma 2.1.1,
where CK is the idele class group of K. An application of a natural isomor-
phism ψ: Hom(Gal(K), A) −→ Hom(CK , A) then gives the desired h. In this
section we define the isomorphism ψ by using the reciprocity law (Section
1.3).
Every homomorphism from CK and Kˆ
×
P (as a subgroup of CK) is tacitly
assumed to be continuous. We identity the Galois group Gal(KˆP) with the
Galois group Gal(KP) as a subgroup of Gal(K). Let Hom be the functor of
continuous homomorphisms. The local and global reciprocity law give rise
to the following commutative diagram.
Lemma 2.2.1. Let A be a finite abelian group and let P be a prime of K.
Then there is a commutative diagram
Hom(Gal(K), A)
resP

ψ // Hom(CK , A)

Hom(Gal(KˆP), A)
ψP // Hom(Kˆ×P , A) ,
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where the left vertical map is the restriction map defined by resP(h)(σ) =
h(σλ
−1
P ) for each h ∈ Hom(Gal(K), A) and σ ∈ Gal(KˆP) (see the definition of
λP in Section 1.2), the right vertical map is the natural restriction map, and
the horizontal maps are the isomorphisms induced by the global reciprocity
map and the local reciprocity map. Furthermore, if P is finite and if f ∈
Hom(Gal(KˆP), A) then ψP(f)(Up) = f(IˆP).
Proof. Part A: Definition of the ψ. Let ψ: Hom(Gal(K), A) −→ Hom(CK , A)
be the map defined by ψ(f) = f1 for a homomorphism f : Gal(K) −→ A,
where f1: CK
( ,L1/K)−−−−−−→ Gal(L1/K) f¯1−−→ A such that L1/K is an arbitrary
finite abelian extension with f(Gal(L1)) = 1 and f¯1: Gal(L1/K) −→ A is the
unique homomorphism satisfying f¯1 ◦ resK˜/L1 = f with resK˜/L1 : Gal(K) −→
Gal(L1/K) the restriction map. The map ψ is well defined. Indeed, let
L2/K be another finite abelian extension with f(Gal(L2)) = 1, and let
f2: CK
( ,L2/K)−−−−−−→ Gal(L2/K) f¯2−−→ A be the corresponding image. The exten-
sion L1L2/K is also finite abelian and f(Gal(L1L2)) = 1, so we can consider
the corresponding image f12: CK
( ,L1L2/K)−−−−−−−−→ Gal(L1L2/K) f¯12−−−→ A. Then,
by Proposition 1.3.7, the following diagram commutes:
Gal(K)
f //
resK˜/L1L2
''
resK˜/L1 44
A
CK
( ,L1L2/K)//
( ,L1/K)
''
Gal(L1L2/K)
f¯12
99
resL1L2/L1

Gal(L1/K)
f¯1
OO
That is f1 = f¯1 ◦ ( , L1/K) is equal to f12 = f¯12 ◦ ( , L1L2/K). Similarly
f2 = f12. Hence f1 = f2 as desired.
Part B: The map ψ is a homomorphism. Let f, g ∈ Hom(Gal(K), A) and
L/K a finite abelian extension with f(Gal(L)) = g(Gal(L)) = 1. Then
ψ(f): CK
( ,L/K)−−−−−→ Gal(L/K) f¯−−→ A and ψ(g): CK ( ,L/K)−−−−−→ Gal(L/K) g¯−−→
A. Moreover fg(Gal(L)) = 1, so ψ(fg): CK
( ,L/K)−−−−−→ Gal(L/K) fg−−−→ A
with fg = f¯ g¯. It follows that for each α ∈ CK , ψ(fg)(α) = f¯ g¯
(
(α,L/K)
)
=
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f¯
(
(α,L/K)
)
g¯
(
(α,L/K)
)
= ψ(f)(α)ψ(g)(α). Therefore ψ is a homomor-
phism.
Part C: Injectivity of ψ. Let f ∈ Hom(Gal(K), A) and let L be the fixed
field of Ker(f), that is Ker(f) = Gal(L). Then, Gal(L/K) is abelian. If
ψ(f) = 1, then for each α ∈ CK , f¯(α,L/K) = 1. Since ( , L/K) is surjective
(Theorem 1.3.4), f¯ = 1, so f = 1. Therefore ψ is injective.
Part D: Surjectivity of ψ. Let f1: CK −→ A be a continuous homomor-
phism. In particular, Ker(f1) is an open subgroup of CK . By Theorem 1.3.5,
K has a finite abelian extension L such that NL/KCL = Ker(f1). Hence by
Theorem 1.3.4, ( , L/K): CK −→ Gal(L/K) is an epimorphism whose kernel
is Ker(f1). Thus, there exists a homomorphism f¯ : Gal(L/K) −→ A such
that f¯ ◦ ( , L/K) = f1. Then by definition, f = f¯ ◦ res, with res: Gal(K) −→
Gal(L/K), satisfies ψ(f) = f1. So ψ is surjective.
Part E: Commutativity of the diagram. We define ψP: Hom(Gal(KˆP), A) −→
Hom(KˆP, A) in a similar way to ψ: for each continuous homomorphism
f ∈ Hom(Gal(KˆP), A) we choose a finite abelian extension L of KˆP such
that f(Gal(L)) = 1. Let f¯ : Gal(L/KˆP) −→ A be the unique homomorphism
such that f¯ ◦ res ˜ˆ
KP/L
= f . Then, we set ψP(f) = f¯ ◦ ( , L/KˆP). The proof
that ψP is a well defined isomorphism is done as for ψ, using the local class
field theory (Theorem 1.3.6(a)). The commutativity of the diagram follows
from Proposition 1.3.8.
Part F: We prove that ψ(f)(UP) = f(IˆP). For each α ∈ UP we have by Theo-
rem 1.3.6(b), that (α,L/KˆP) ∈ I(L/KˆP). Let σ ∈ IˆP with σ|L = (α,L/KˆP).
Then
(2.2.1) ψP(f)(α) = f¯
(
(α,L/KˆP)
)
= f¯(σ|L) = f(σ).
Thus, ψP(f)(UP) ⊆ f(IˆP).
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Conversely, for each σ ∈ IˆP there exists α ∈ UP with (α,L/KˆP) = σ|L. By
(2.2.1), f(σ) = ψP(f)(α). Hence, f(IˆP) ⊆ ψP(f)(UP), as claimed. 
2.3 Construction of h ∈ Hom(Gal(K), Cl)
Let K/K0 be a finite Galois extension of number fields. For every finite set
S of primes of K with S0 ⊆ S and homomorphisms hP: Kˆ×P −→ Cl for each
P ∈ S, we construct a continuous homomorphism h: CK −→ Cl such that
h|Kˆ×P = hP for each P ∈ S and h(UP) = 1 for each P ∈ PK r (S ∪· {Q})
for some Q ∈ PK r S. The construction is carried out as in Lemma 2.1.1.
However, we first choose a prime q ∈ P(K0) and a prime Q ∈ P(K) that lies
over q and satisfies the conditions of the Lemma. This choice gives us the
freedom we need in the solution of an embedding problem with kernel Crl
in Chapter 4. In the construction, we use the equality IK = IK,SK
×, so we
assume throughout this section that S0 ⊆ S.
Let S be a finite set of primes of K. We say that a1, . . . , as ∈ KS are mul-
tiplicatively independent modulo K lS if for all l1, . . . , ls ∈ Z and b ∈ KS,
the equality al11 · · · alss = bl implies that l|li for i = 1, . . . , s.
We start with some elementary results.
Lemma 2.3.1. ([GeJ98], Lem. 5.2) Let S be a finite set of primes of K
and l a prime number. If a1, . . . , as ∈ KS are multiplicatively independent
modulo K lS, then the fields K(ζl, l
√
a1), . . . , K(ζl, l
√
as) are linearly disjoint
and of degree l over K(ζl). Let n be a positive integer. If L/K is an l-
extension and ζl 6∈ K, then the fields L(ζln , l√a1), . . . , L(ζln , l√as) are linearly
disjoint and of degree l over L(ζln).
Lemma 2.3.2. Let S be a finite set of primes of K, l a prime number
and assume that ζl 6∈ K. Let a1, . . . , as be multiplicatively independent
elements of KS modulo K
l
S. Let L be a an l-extension of K and let m be a
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positive integer. Let M be a finite abelian extension of K. Then, the fields
LM(ζlm , l
√
a1), . . . , LM(ζlm , l
√
as) are linearly disjoint extensions of LM(ζlm)
of degree l.
Proof. We may write M = M ′M ′′, where M ′ is an abelian l-extension of K,
and M ′′ is an abelian extension of K whose degree is not divisible by l. Then,
L′ = LM ′ is a finite l-extension of K. Applying Lemma 2.3.1 to L′, we find
that L′(ζlm , l
√
a1), . . . , L
′(ζlm , l
√
as) are linearly disjoint extensions of L
′(ζlm)
of degree l. In particular, N = L′(ζlm , l
√
a1, . . . , l
√
as) is an l-extension of K.
Since l - [M ′′ : K], the field M ′′ is linearly disjoint from N over K. Hence
LM(ζlm , l
√
a1), . . . , LM(ζlm , l
√
as) are linearly disjoint extensions of LM(ζlm)
of degree l. 
Remark 2.3.3. Let n be a multiple of lm. Using the notation of Lemma
2.3.2, suppose L/K is a finite abelian l-extension. Then M = L(ζn) is a
finite abelian extension of K. It follows that the fields
LM(ζlm , l
√
a1) = M( l
√
a1), . . . ,M( l
√
as) = L(ζn, l
√
as)
are linearly disjoint extensions of M(ζlm) = L(ζn) of degree l. 
Lemma 2.3.4. ([GeJ98], Lem. 4.1) Let l be a prime number and Q ∈ P(K)
with Q - l,∞. Suppose that ζl ∈ KˆQ. Then UQ/U lQ ∼= Cl.
The following Lemma strengthens Lemma 2.1.1 in terms of the choice of
the prime q. Specifically, [GeJ98] chooses Q ∈ P(K) which totally splits
in L(ζlm), with L/K0 is a finite Galois extension such that L/K is abelian
l-extension. Instead, we choose a prime q ∈ P(K0) that totally splits in L(ζn)
for a multiple n of lm.
Lemma 2.3.5. Let K0 ⊆ K ⊆ L be a tower of finite Galois extensions
of number fields such that L/K is abelian l-extension and L/K0 is Galois.
Suppose ζl 6∈ K. Let S be a finite set of primes of K which contains S0.
Let n = qlm be a positive integer multiple of lm for some positive integers
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q and m. For each P ∈ S let hP: Kˆ×P −→ Cl be a homomorphism. Then
there exists a prime q ∈ P(K0) r S|K0 and there exists a homomorphism
h: CK −→ Cl such that:
(a) q totally splits in L(ζn),
(b) h|Kˆ×P = hP for each P ∈ S,
(c) there exists Q ∈ P(K) such that Q|K0 = q and h(UQ) = Cl, and
(d) h(UP) = 1 for each P ∈ P(K)r (S ∪· {Q}).
Proof. We break the proof into several parts.
PART A: Continuity. Each abstract homomorphism h: CK → Cl that satis-
fies (a), (b), (c), and (d) is continuous, hence a homomorphism in the sense
of Section 1.1. Indeed, by (d), h(UP) = 1 for each P ∈ P(K) r (S ∪· {Q}).
By (b), h|Kˆ×P = hP is continuous for each P ∈ S. Hence, by the statement
(1.3.1), it suffices to prove that h|Kˆ×Q is continuous.
Since UQ is a profinite group (Section 1.1) and raising elements to the lth
power is continuous, U lQ is closed in UQ. Since each prime of K dividing l is
in S0 ⊆ S (Setup 1.3.1), Q - l,∞. By (a), ζl ∈ Kˆ×Q . Hence, by Lemma 2.3.4,
UQ/U
l
Q
∼= Cl. Therefore, U lQ is an open subgroup of UQ. Let piQ be a prime
element of the valuation ring of KˆQ. Then, Kˆ
×
Q
∼= 〈piQ〉 × UQ. Hence, by
Section 1.1, (Kˆ×Q)
l ∼= 〈pilQ〉×U lQ is an open subgroup of Kˆ×Q . Finally, there is
a commutative diagram
Kˆ×Q
h|
Kˆ×
Q //
pi

Cl
Kˆ×Q/(Kˆ
×
Q)
l θ // Z/lZ× UQ/U lQ
η
OO
where pi is the quotient map, θ is an isomorphism, and η is a homomorphism.
Since (Kˆ×Q)
l is an open subgroup of Kˆ×Q , pi is continuous. Since all groups
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appearing in the diagram but Kˆ×Q are finite, θ and η are continuous. It fol-
lows that h|Kˆ×Q is continuous, as claimed.
PART B: Reduction of the lemma to constructing a continuous homomor-
phism g: IK,S/KS −→ Cl. By the unit theorem, KS is finitely generated
([CaF67], p. 72), hence (KS : K
l
S) = l
s for some positive integer s. Choose
multiplicatively independent generators a1, . . . , as of KS modulo K
l
S. For
each Q ∈ P(K)r S we can decompose IK,S as
IK,S =
∏
P∈S
Kˆ×P × UQ ×
∏
P6∈S∪{Q}
UP.
Use a bar to denote the reduction of elements and subgroups of IK,S modulo
I lK,S. In particular
(2.3.1) IK,S =
∏
P∈S
Kˆ×P × UQ ×
∏
P6∈S∪{Q}
UP,
and
(2.3.2) KS = 〈a¯1, . . . , a¯s〉.
Also, for each P ∈ S the homomorphism hP: Kˆ×P −→ Cl induces a homo-
morphism h¯P: Kˆ
×
P −→ Cl. Since IK,S/KS is a quotient of CK = IK,S/KS
(Remark 1.3.3), it suffices to find a prime q ∈ P(K0) r S|K0 which satisfies
(a) and to construct a homomorphism g: IK,S −→ Cl such that
(2.3.3) g|
KˆP×
= h¯P for each P ∈ S,
(2.3.4) g(UQ) = Cl for some prime Q ∈ P(K) that lies over q,
(2.3.5) g(UP) = 1 for each P ∈ P(K)r (S ∪· {Q}),
(2.3.6) g(a¯i) = 1 for i = 1, . . . , s
By (2.3.2) and (2.3.6), g will induce a homomorphism g¯: IK,S/KS −→ Cl
which will compose with the quotient map CK −→ IK,S/KS to the desired
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homomorphism h.
PART C: Presentation of a¯i as an idele. For each i between 1 and s and
each P ∈ P(K), let aiP be ai considered as an element of Kˆ×P and let
(2.3.7) δi =
∏
P∈S
h¯P(a¯iP)
If q ∈ P(K0) satisfies (a) and q - l,∞, then we choose Q ∈ P(K) over
q. Then, Q totally splits in L(ζl). It follows that a1, . . . , as, ζl ∈ UQ and
UQ ∼= Cl (Lemma 2.3.4). Choose a generator u¯Q of UQ. For each i there
exists then 0 ≤ βi < l such that a¯iQ = u¯βiQ . The representation of a¯i as an
idele will therefore take the form:
(2.3.8) a¯i =
∏
P∈S
a¯iP · u¯βiQ ·
∏
P6∈S∪{Q}
a¯iP.
Conditions (2.3.3) and (2.3.5) force that
(2.3.9)
g(a¯iP) =h¯P(a¯iP) for P ∈ S and
g(a¯iP) =1 for P ∈ P(K)r (S ∪· {Q}).
Condition (2.3.4) is equivalent to g(u¯Q) 6= 1. We have therefore to choose
q such that, in addition to (2.3.9), (a) will hold and to define g(u¯Q) as a
non-trivial element of Cl such that (2.3.6) will be satisfied.
Let N be the Galois closure of L(ζn, l
√
a1, . . . , l
√
as) over K0. If δi = 1
for i = 1, . . . , s, we may use the Chebotarev density theorem to choose
q ∈ P(K0)r S|K0 such that
(2.3.10) N ⊆ Kˆ0,q.
In particular (a) holds. We choose Q ∈ P(K) with Q|K0 = q. By its choice,
q totally splits in K, hence KˆQ = Kˆ0,q. It follows that aiQ ∈ U lQ, so βi = 0
for i = 1, . . . , s. We therefore define g(u¯Q) to be a generator of Cl and derive
from (2.3.8), (2.3.7) and (2.3.9) that g(a¯i) = δi · g(u¯Q)βi = 1, so that (2.3.6)
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holds.
PART D: The main case. Having settled the case where δi = 1 for i =
1, . . . , s, we may and we will from now on assume that
(2.3.11) δ1 6= 1.
Under this assumption there exists 0 ≤ εi < l such that in Cl
(2.3.12) δεi1 = δi, i = 1, . . . , s.
In particular ε1 = 1. Define
(2.3.13) b1 = a1 and bi = ai/a
εi
1 , for i = 2, . . . , s.
Since a1, . . . , as are multiplicatively independent modulo K
l
S, so are b1, . . . , bs.
By Remark 2.3.3, L(ζn,
l
√
b1), . . . , L(ζn,
l
√
bs) are linearly disjoint fields of de-
gree l over L(ζn).
PART E: Choosing q. Part D allows us to choose σ ∈ Gal(N/L(ζn)) with
( l
√
a1)
σ = ζl l
√
a1 and (
l
√
bi)
σ = l
√
bi, i = 2, . . . , s. Chebotarev density theo-
rem gives us a prime q ∈ P(K0) r S|K0 such that
(N/K0
q
)
= Con(σ). Thus,
L(ζn) ⊆ Kˆ0,q, so (a) holds .
We choose Q ∈ P(K) with Q|K0 = q. Since q is unramified in N , so is
Q. Therefore KˆQ( l
√
a1)/KˆQ is an unramified extension. It follows that the
Frobenius element over KˆQ acts on l
√
a1 as σ, in particular the Frobenius el-
ement does not fix l
√
a1. This implies that [KˆQ( l
√
a1) : KˆQ] = l, in particular:
(2.3.14) a1 ∈ UQ r U lQ.
On the other hand bi ∈ U lQ and therefore, by (2.3.13),
(2.3.15) a¯iQ = a¯
εi
1Q, i = 2, . . . , s.
PART F: Definition of g. By (2.3.14) and the choice of u¯Q in Part B,
(2.3.16) a¯1Q = u¯
β
Q with 0 < β < l.
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We may therefore define g(u¯Q) as the element of Cl that satisfies
(2.3.17) g(u¯Q)
β = δ−11
In particular, by (2.3.11), g(u¯Q) 6= 1. By (2.3.15) and (2.3.16), a¯iQ = u¯βεiQ ,
i = 2, . . . , s. Since ε1 = 1, the latter equality also holds for i = 1. This gives
(2.3.8) the following form:
(2.3.18) a¯i =
∏
P∈S
a¯iP · u¯βεiQ
∏
P6∈S∪{Q}
a¯iP.
By (2.3.7) and (2.3.9),
(2.3.19)
∏
P∈S
g(a¯iP) = δi and
∏
P6∈S∪{Q}
g(a¯iP) = 1 .
Apply g on (2.3.18) and use (2.3.19), (2.3.17) and (2.3.12) to get that
g(a¯i) =
( ∏
P∈S
g(a¯iP)
) · g(u¯Q)βεi = δiδ−εi1 = 1.
So (2.3.6) holds and the proof is complete. 
Corollary 2.3.6. Let K0 ⊆ K ⊆ L be a tower of Galois extension of number
fields such that L/K0 is Galois, L/K is a finite abelian l-extension and ζl 6∈ K.
Let S be a finite set of primes of K which contains S0. Let n = ql
m be a
multiple of lm for some positive integers q and m. For homomorphisms
hP: Gal(KˆP) −→ Cl, P ∈ S, there exists a prime q ∈ P(K0) r S|K0 and a
homomorphism h: Gal(K) −→ Cl such that
(a) q totally splits in L(ζn),
(b) resP(h) = hP for each P ∈ S, where resP is defined in Lemma 2.2.1,
(c) there exists Q ∈ P(K) such that Q|K0 = q and resP(h)(IˆQ) = Cl,
(d) resP(h)(IˆP) = 1 for each P ∈ P(K)r (S ∪ {Q}).
Proof. For each P ∈ S, let h′P: Kˆ×P −→ Cl be the homomorphism that
Lemma 2.2.1 attaches to hP. An application of Lemma 2.3.5 to the system
(h′P)P, and again a use of Lemma 2.2.1 give us the desired prime q ∈ P(K0)r
S|K0 and the h: Gal(K) −→ Cl. 
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2.4 Bound on the Ramification
of h ∈ Hom(Gal(K), A)
This section contains the main result of this chapter: the construction of
h: Gal(K) −→ Crl with a bound on its ramification. We repeat the con-
struction in Corollary 2.3.6 r times to obtain the continuous homomor-
phism h: Gal(K) −→ A with A = Crl , which is unramified at each P ∈
P(K)r (S ∪· {Q1, . . . ,Qr}) for some Q1, . . . ,Qr ∈ P(K)r S.
Given a homomorphism hP: Gal(KˆP) → A for each P ∈ S, considering
the system of homomorphisms (hP,i = pii ◦ hP)P∈S where pii: A → Cl,i is
the projection to the ith factor, by using Corollary 2.3.6 we may choose a
prime qi ∈ P(K0)r S|K0 and construct a homomorphism hi: Gal(K)→ Cl,i
that satisfy conditions (a)-(d) of Corollary 2.3.6 for each i = 1, . . . , r. Then
the homomorphism h = (h1, . . . , hr) will satisfy the conclusions of our main
proposition (Proposition 2.4.1). However, for the next use (as in the proof of
Proposition 3.3.5), we need to know information about resQi,j(h)(Gal(KˆQi,j))
for each prime Qi,j that lies over qi. For that, in addition to the use of
Corollary 2.3.6, we enlarge S to S ∪⋃i−1t=1{Q ∈ P(K) | Q|K0 = qt} for each
i = 1, . . . , r and add in the system of given homomorphisms the trivial homo-
morphism hQ: Gal(KˆQ)→ Cl,i for each Q ∈
⋃i−1
t=1{Q ∈ P(K) | Q|K0 = qt}.
Proposition 2.4.1. Let K0 ⊆ K ⊆ L be a tower of finite Galois extensions
of number fields such that L/K0 is a Galois extension, L/K is an abelian
l-extension and ζl 6∈ K. Let n = qlm for some positive integers q and m,
and let A = Cl,1 × · · · × Cl,r where each Cl,i, i = 1, . . . , r, is an isomorphic
copy of Cl. Let S be a finite set of primes of K which contains S0. For
each P ∈ S let hP: Gal(KˆP) −→ A be a homomorphism. Then there exist
distinct primes q1, . . . , qr ∈ P(K0)r S|K0 and there exists a homomorphism
h: Gal(K) −→ A such that
(a) qi totally splits in L(ζn) for i = 1, . . . , r,
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(b) resP(h) = hP, for each P ∈ S,
(c) for i = 1, . . . , r there exists Qi ∈ P(K) with Qi|K0 = qi such that
resQi(h)(Gal(KˆQi)) = 1× · · · × 1× Cl,i × 1× · · · × 1,
(d) For each Q 6= Qi that lies over qi, resQ(h)(Gal(KˆQ)) ≤ 1 × · · · × 1 ×
Cl,i × 1× · · · × 1
(e) resP(h)(IˆP) = 1 for each P ∈ P(K)r (S ∪ {Q1, . . . ,Qr}).
Proof. For each i = 1, . . . , r and each P ∈ S consider the compositum
hP,i: Gal(KˆP) −→ Cl,i of hP and the projection A −→ Cl,i. Then, for
each P ∈ S
(2.4.1) hP = (hP,1, . . . , hP,r)
Part A: i = 1. Consider the system of homomorphisms (hP,1: Gal(KˆP) −→
Cl,1)P∈S. By Corollary 2.3.6, there exists a prime q1 ∈ P(K0) r S|K0 and
there exists a homomorphism h1: Gal(K) −→ Cl,1 such that:
(2.4.2) q1 totally splits in L(ζn),
(2.4.3) resP(h1) = hP,1 for each P ∈ S,
(2.4.4) there exists Q1 ∈ P(K) with Q1|K0 = q1 such that resQ1(h1)(IˆQ1) =
Cl,1,
(2.4.5) resP(h1)(IˆP) = 1 for each P ∈ P(K)r (S ∪ {Q1}).
Let L1 be the fixed field of Ker(h1) in K˜. Then, by (2.4.4), L1/K is a cyclic
l-extension, so LL1/K is a finite abelian l-extension. It follows that the Ga-
lois closure L′1 of LL1 over K0 is also a finite abelian l-extension of K. By
(2.4.2), q1 totally splits in K. Let Q1 = Q1,1,Q1,2, . . . ,Q1,k ∈ P(K) be the
primes lying over q1 where k = [K : K0].
Part B: i = 2. For each j = 1, . . . , k let hQ1,j ,2: Gal(KˆQ1,j) −→ Cl,2 be the
trivial homomorphism. Consider the system of homomorphisms (hP,2: Gal(KˆP) −→
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Cl,2)P∈S∪{Q1,1,...,Q1,k}, with hP,2: Gal(KˆP)
hP−−−→ A → Cl,2. Considering the
tower of Galois extensions K0 ⊆ K ⊆ L′1, where L′1 is defined in Part A,
again by Corollary 2.3.6, there exists q2 ∈ P(K0) r (S|K0 ∪ {q1}) and there
exists a homomorphism h2: Gal(K) −→ Cl,2 such that:
(2.4.6) q2 totally splits in L
′
1(ζn),
(2.4.7) resP(h2) = hP,2 for each P ∈ S ∪ {Q1,1, . . . ,Q1,k},
(2.4.8) there exists Q2 ∈ P(K) with Q2|K0 = q2 such that resQ2(h2)(IˆQ2) =
Cl,2,
(2.4.9) resP(h2)(IˆP) = 1 for each P ∈ P(K)r (S ∪ {Q1,1, . . . ,Q1,k,Q2}).
The choice of the homomorphism hQ1,j ,2 to be trivial and (2.4.7) imply that
(2.4.10) resQ1,j(h2)(Gal(KˆQ1,j)) = 1, for each j = 1, . . . , k
In particular resQ1,j(h2)(IˆQ1,j) = 1. It follows from (2.4.9) that
(2.4.11) resP(h2)(IˆP) = 1 for each P ∈ P(K)r (S ∪ {Q2})
Furthermore, by (2.4.6), q2 totally splits in L
′
1 hence also in L1. The later
field is the fixed field of Ker(h1) in K˜. Hence
(2.4.12) resQ(h1)(Gal(KˆQ)) = 1 for each Q ∈ P(K) that lies over q2.
Part C: Induction. Continuing this process inductively we find for each i
between 1 and r a prime qi ∈ P(K0) r (S|K0 ∪ {q1, . . . , qi−1}) and a homo-
morphism hi: Gal(K) −→ Cl,i such that
(2.4.13) qi totally splits in L
′
i−1(ζn), where L
′
i−1 is the Galois closure of LL1 · · ·Li−1
over K0 with Lj the fixed field of Ker(hj) in K˜ for j = 1, . . . , i− 1.
(2.4.14) resP(hi) = hP,i for each P ∈ S, with hP,i: Gal(KˆP) hP−−−→ A → Cl,i
for each P ∈ S, and resP(hi) = 1 for each P ∈ P(K) that lies over
one of the primes q1, . . . , qi−1,
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(2.4.15) there exists Qi ∈ P(K) with Qi|K0 = qi such that resQi(hi)(IˆQi) =
Cl,i, and
(2.4.16) resP(hi)(IˆP) = 1 for each P ∈ P(K)r (S ∪ {Qi})
(2.4.17) As in (2.4.12), for each t < i, resQ(ht)(Gal(KˆQ)) = 1 for each Q ∈
P(K) that lies over qi
Part D: Conclusion. We now prove that the homomorphism
h := (h1, . . . , hr): Gal(K) −→ Cl,1 × · · · × Cl,r
and the primes q1, . . . , qr ∈ P(K0) satisfy the conditions (a)-(e) of the Propo-
sition.
We consider i between 1 and r. By (2.4.13), qi totally splits in L(ζn), so
(a) is satisfied. By (2.4.14), resP(hi) = hP,i for each P ∈ S. Hence, by
(2.4.1), resP(h) = (hP,1, . . . , hP,r) = hP for each P ∈ S, thus (b) is satisfied.
Now,
resQi(h)(Gal(KˆQi)) = (resQi(h1)(Gal(KˆQi)), . . . , resQi(hi)(Gal(KˆQi)),
. . . , resQi(hr)(Gal(KˆQi))).
By (2.4.15), resQi(hi)(IˆQi) = Cl,i which implies
(2.4.18) resQi(hi)(Gal(KˆQi)) = Cl,i.
On the other hand, for t < i, by (2.4.17) we have
(2.4.19) resQi(ht)(Gal(KˆQi)) = 1, for 1 ≤ t ≤ i− 1.
Moreover, for t > i, (2.4.14) applied to ht implies that
(2.4.20) resQi(ht)(Gal(KˆQi)) = 1, t > i.
It follows from (2.4.18), (2.4.19), and (2.4.20) that
(2.4.21) resQi(h)(Gal(KˆQi)) = 1× · · · × Cl,i × · · · × 1, i = 1, . . . , r.
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Thus (c) is satisfied.
Let Q 6= Qi a prime that lies over qi. We have
resQ(h)(Gal(KˆQ)) = (resQ(h1)(Gal(KˆQ)), . . . , resQ(hi)(Gal(KˆQ)),
. . . , resQ(hr)(Gal(KˆQ))).
If t < i or t > i by the same arguments as in in proof of (c)
(2.4.22) resQ(ht)(Gal(KˆQ)) = 1.
Since the image of hi is a subgroup of Cl,i, we have
(2.4.23) resQ(hi)(Gal(KˆQ)) ≤ Cl,i
It follows from (2.4.22) and (2.4.23), that resQ(h)(Gal(KˆQ)) ≤ 1× · · · × 1×
Cl,i × 1× · · · × 1. So, (d) is satisfies
Finally, for each P ∈ P(K)r (S ∪ {Q1, . . . ,Qr}), by (2.4.16), resP(h)(IˆP) =
(resP(h1)(IˆP), . . . , resP(hr)(IˆP)) = 1 × · · · × 1, so (e) is satisfied, and this
completes the proof of the proposition. 
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Chapter 3
Bound on the ramification of
cohomology classes
Let K/K0 be a Galois extension of number fields. Given a simple Gal(K0)-
module A = Crl on which Gal(K) acts trivially, a finite set T of primes of
K0, and an element yp ∈ H1(Gal(Kˆ0,p), A) for each p ∈ T , the aim of this
chapter is to construct an element x ∈ H1(Gal(K0), A) which coincides with
yp for each p ∈ T and the number of the primes of K0 where x ramifies is
bounded depending on T and r. The construction is based on Theorem 1 of
[Neu79], where no bound on the ramification is given.
If ψ0 is a solution of the embedding problem
(3.0.1) Gal(K0)
ψ0
zz
ρ

1 // A // G¯ α¯ // Gal(K/K0) // 1
and χ: Gal(K0) −→ A is a crossed homomorphism, then ψ¯ = ψ0 · χ is also
a solution of (3.0.1) (Lemma 4.1.1). Our aim is to multiply ψ0 by a suitable
χ in order to give a bound on the ramification of ψ¯ which will coincide with
the bound on the ramification of χ.
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The class x ∈ H1(Gal(K0), A) of the crossed homomorphism χ: Gal(K0)→ A
is again constructed in a such a way that it coincides with a given local el-
ement of H1(Gal(Kˆ0,p), A) for p ∈ T , it is cyclic at each prime where it
ramifies, and we have a bound on its ramification. These conditions are sim-
ilar to the required conditions in the construction of the homomorphism h
in Chapter 2. In fact, x inherits these properties from h by the corestriction
map.
3.1 Definitions and a Preliminary Result
Let K0 be a number field and let A be a Gal(K0)-module. Let p ∈ P(K0).
We consider A as a Gal(Kˆ0,p)-module with a
σ = aσ|K˜0 for each a ∈ A and
σ ∈ Gal(Kˆ0,p) (by our construction of K0,p in Section 1.2, if σ ∈ Gal(Kˆ0,p),
then resK˜0(σ) ∈ Gal(K0,p) ≤ Gal(K0)).
Definition 3.1.1. For each n ≥ 0 and p ∈ P(K0), we define the restric-
tion map resp: H
n(Gal(K0), A) −→ Hn(Gal(Kˆ0,p)) with resp(u)(σ0, . . . , σn) =
u(σ1|K˜0 , . . . , σn|K˜0) for each u ∈ Cn(Gal(K0), A) and σ0, . . . , σn ∈ Gal(Kˆ0,p)n+1.
If p ∈ Pfin(K0) we consider the inflation-restriction exact sequence given by
(1.4.8):
1 // H1(Gal(Kˆ0,p)/Iˆp, A
Iˆp) inf // H1(Gal(Kˆ0,p), A)
res // H1(Iˆp, A) .
Definition 3.1.2.
(a) An element xp ∈ H1(Gal(Kˆ0,p), A) is unramified if xp ∈ Im(inf),
alternatively, if res(xp) = 1. That is, if χp: Gal(Kˆ0,p) −→ A is a
representative of xp, then there exists a ∈ A such that for all σ ∈
Iˆp, χp(σ) = a
σa−1 (a coboundary representative in Z1(Iˆp, A)). Note
that if Gal(Kˆ0,p) acts trivially on A, then xp: Gal(Kˆ0,p) −→ A is a
homomorphism (Section 1.4 (D)). In this case, the definition of the
unramification of xp at p as an element of H
1(Gal(Kˆ0,p), A) coincides
with the definition of xp being an unramified homomorphism, that is
xp(Iˆp) = 1 (Def. 1.2.4(b)).
46
Stellenbosch University  https://scholar.sun.ac.za
(b) An element xp ∈ H1(Gal(Kˆ0,p), A) is cyclic if there exists a cyclic
extension Lp/Kˆ0,p such that xp lies in the kernel of the restriction map
res: H1(Gal(Kˆ0,p), A) −→ H1(Gal(Lp), A).
If Gal(Kˆ0,p) acts trivially on A, then xp: Gal(Kˆ0,p) −→ A is a ho-
momorphism. In this case, xp is cyclic if it factors through a cyclic
extension of Kˆ0,p: there exits a cyclic extension Lp/Kˆ0,p such that
Gal(Lp) ≤ Ker(xp) (Def. 1.2.4(c)).
The construction of x ∈ H1(Gal(K0), A) mentioned in the introduction to
the present chapter is based on that of [Neu79] in the following local-global
result for elements of H1(Gal(K0), A):
Proposition 3.1.3 ([Neu79], Thm. 1). Let A = Crl be a simple Gal(K0)-
module. LetK/K0 be a finite Galois extension such that Gal(K) acts trivially
on A, and ζl 6∈ K. Let Ω/K be a finite abelian extension and consider a finite
set S of primes of K0. For each p ∈ S, let yp ∈ H1(Gal(Kˆ0,p), A). Then,
there exists an element x ∈ H1(Gal(K0), A) which satisfies the following
conditions:
(a) resp(x) = yp for p ∈ S (Def. 3.1.1).
(b) If p ∈ P(K0)rS, then resp(x) is cyclic. If in addition resp(x) is ramified,
then p totally splits in Ω.
We improve this result by giving a bound on the ramification of x that
depends on the set S and on r. In addition, we take care of the cyclic
property of xp at the primes where x ramifies, but not for all p ∈ P(K0)r S
as in the first part of condition (b) of the above proposition.
3.2 Corestriction Map
In general, if G is a profinite group, H an open subgroup of G, and A a
G-module, then the corestriction map lifts an element of H1(H,A) to an
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element of H1(G,A). We apply the corestriction map to the case where
G = Gal(K0), H = Gal(K), and A = C
r
l on which Gal(K) acts trivially
(i.e. H1(Gal(K), A) = Hom(Gal(K), A)). Then, we can lift the homomor-
phism h: Gal(K) → A constructed in Proposition 2.4.1 to an element of
H1(Gal(K0), A) that plays a significant role in the construction of our de-
sired element x ∈ H1(Gal(K0), A). The local cyclic property of x at each
prime where it ramifies, and the bound on its ramification are induced from
that of h.
We start with the general definition. Let G be a profinite group, H an
open subgroup of G, and A a G-module. We choose a system T of represen-
tatives for the left cosets of G modulo H. Thus, G =
⋃· τ∈T τH. Then, for
each σ ∈ G there exists a unique element σ˜ ∈ T such that σH = σ˜H. Hence,
there exists a unique element ησ ∈ H such that σ = σ˜ · ησ. In particular, for
each η ∈ H we have σ˜H = σH = σηH = σ˜ηH so
(3.2.1) σ˜ = σ˜η.
Having chosen T we define for each n ≥ 0 a homomorphism
cor = corn: Cn(H,A) −→ Mapcont(Gn+1, A),
called the corestriction map, by
cor(x)(σ0, . . . , σn) =
∏
τ∈T
x(σ˜0τ
−1σ0τ, . . . , σ˜nτ
−1σnτ)τ
−1
(3.2.2)
=
∏
τ∈T
x(ησ0τ , . . . , ησnτ )
τ−1
Recall the Cn(H,A) is the group of all n-dimensional homogeneous cochains
(Section 1.4(B)). This homomorphism has the following properties:
(3.2.3) By the homogeneity (1.4.2) of the cochains and by (3.2.1), cor(x) is
independent of the choice of T .
(3.2.4) The image of each x ∈ Cn(H,A) under cor is a homogeneous cochain
(i.e. cor(x) ∈ Cn(G,A)). Indeed, if σ ∈ G and T is a system of
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representatives of the left cosets of G modulo H, then so is σT .
Hence by (3.2.2) and by (3.2.3),
cor(x)(σ0σ, . . . , σnσ)
σ−1 =
∏
τ∈T
(
x(ησ0στ , . . . , ησnστ )
τ−1
)σ−1
=
∏
τ∈T
x
(
ησ0στ , . . . , ησnστ
)(στ)−1
= cor(x)(σ0, . . . , σn)
(3.2.5) By definition (3.2.2), the homomorphisms corn: Cn(H,A) −→ Cn(G,A)
are functorial in A.
(3.2.6) The homogeneity condition (1.4.2) and the definition (3.2.2) imply
that the corestriction maps are compatible with the coboundary op-
erators (Section 1.4(A)), in other words cor ◦ ∂ = ∂ ◦ cor. Therefore,
the cochain homomorphisms corn give rise to homomorphisms of co-
homology groups cor = corn: Hn(H,A) −→ Hn(G,A).
(3.2.7) By (3.2.2), the homomorphism cor0 maps AH = H0(H,A) into AG =
H0(G,A). Indeed, for a ∈ AH we have cor0(a) = ∏τ∈T aτ−1 =∏
τ ′∈T ′ a
τ ′ , where T ′ = {τ−1 | τ ∈ T}. Note that G = ⋃· τ ′∈T ′ Hτ ′, so
cor0 coincides with the relative norm normG/H : A
H −→ AG.
(3.2.8) The corestriction maps commute with the connecting homomorphisms
δ of cohomology groups. In other words, let 0→ A α−−→ B β−−→ C →
0 be a short exact sequence of G-modules that we also consider as
a short exact sequence of H-modules. Then, for each n ≥ 0, the
corresponding diagram
Hn(H,C)
cor

δ // Hn+1(H,A)
cor

Hn(G,C) δ // Hn+1(G,A)
is commutative. The proof of this statement goes back to the explicit
definition of δ that depends on the ”snake lemma” (see [NSW00],
p. 27, Prop. 1.3.3) and its proof).
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(3.2.9) If H = G, then T = {1}. In this case σ˜ = 1 for each σ ∈ G, so in the
notation of (3.2.2), σ˜iτ
−1σiτ = σi for i = 1, . . . , n. Thus, in this case,
cor(x)(σ1, . . . , σn) = x(σ1, . . . , σn), in other words cor is the identity
map on Hn(G,A).
Now, we come back to the case of number fields. Let K/K0 be a finite Galois
extension of number field and A a Gal(K0)-module. Let p ∈ P(K0). For each
prime P ∈ P(K) lying over p, A is a Gal(KˆP)-module with aτ = aτ
λ−1
P
for
each a ∈ A and τ ∈ Gal(KˆP) (by the definition of λP at the beginning of
Section 1.2 if τ ∈ Gal(KˆP), then τλ
−1
P ∈ Gal(KP) ≤ Gal(K)).
We want to prove that the following diagram
(3.2.10) Hn(Gal(K), A)
cor

Res //
∏
P|pH
n(Gal(KˆP), A)
Cor

Hn(Gal(K0), A)
resp // Hn(Gal(Kˆ0,p), A)
is commutative for each integer n ≥ 0. In this diagram
(a) The map cor: Hn(Gal)(K)→ Hn(Gal(K0), A) is the corestriction map
defined below using that Gal(K) is an open subgroup of Gal(K0).
(b) The map res: Hn(Gal(K0), A) → Hn(Gal(Kˆ0,p), A) is the restriction
map defined by res(u) = up where up(σ0, . . . , σn) = u(σ0|K˜0 , . . . , σn|K˜0)
for each u ∈ Cn(Gal(K0), A) and σ0, . . . , σn ∈ Gal(Kˆ0,p).
(c) The map Res is an abbreviation to the system of maps (resP)P|p where
resP: H
n(Gal(K), A)→ Hn(Gal(KˆP), A) is the restriction map defined
resP(h) = hP where hP(σ0, . . . , σn) = h(σ
λ−1P
0 , . . . , σ
λ−1P
n ) for each h ∈
Cn(Gal(K), A) and σ0, . . . , σn ∈ Gal(KˆP).
(d) The map Cor is the product of the corestriction maps corP: H
n(Gal(KˆP), A)→
Hn(Gal(Kˆ0,p), A) defined below, using that Gal(KˆP) is considered as
an open subgroup of Gal(Kˆ0,p).
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Set d = [K : K0] and dP = [KˆP : Kˆ0,p] for P|p. Then, we write
(3.2.11) Gal(K0) =
d⋃
·
j=1
Gal(K)ε−1j and Gal(Kˆ0,p) =
dP⋃
·
k=1
Gal(KˆP)ε
−1
P,k
Then, f(X) =
∏d
j=1(X − xε
−1
j ) and fP(X) =
∏dP
k=1(X − x
ε−1P,k
P ) for P|p. It
follows that there exists a bijection of sets β:
⋃· P|p{(P, 1), . . . , (P, dP)} −→
{1, . . . , d} such that
(3.2.12) ε−1P,k|K = ε−1β(P,k)|K for i = 1, . . . ,m and k = 1, . . . , di.
Hence, there exists ηP,k ∈ Gal(K) such that
(3.2.13) ε−1P,k|K˜0 = ηP,kε−1β(P,k)
For each σ ∈ Gal(K0) we use (3.2.11) to choose σ˜ ∈ {ε1, . . . , εd} with
Gal(K)σ−1 = Gal(K)σ˜−1. Then
cor: Hn(Gal(K), A) −→ Hn(Gal(K0), A)
is defined for each homogeneous cochain h: Gal(K)n+1 −→ A and for all
(σ0, . . . , σn) ∈ Gal(K0)n+1 by
(3.2.14) cor(h)(σ0, . . . , σn) =
d∏
j=1
h(σ˜0εj
−1σ0εj, . . . , σ˜nεj
−1σnεj)ε
−1
j .
Similarly for each i between 1 and m and every σ ∈ Gal(Kˆ0,p) there is a
unique σ˜ ∈ {εP,1, . . . , εP,dP} such that Gal(KˆP)σ−1 = Gal(KˆP)σ˜−1. Again,
we have for each homogeneous cochain h: Gal(KˆP)
n+1 −→ A and every tuple
(σ0, . . . , σn) ∈ Gal(Kˆ0,p)n+1 that
corP(h)(σ0, . . . , σn) =
dP∏
k=1
h(σ˜0εP,k
−1
σ0εi,k, . . . , σ˜nεi,k
−1
σnεP,k)
ε−1P,k .
Lemma 3.2.1. Diagram (3.2.10) commutes for n = 0
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Proof. By (3.2.7),
H0(Gal(K), A) = AGal(K) = {a ∈ A | aσ = a for all σ ∈ Gal(K)}
and the map cor: H0(Gal(K), A) −→ H0(Gal(K0), A) is defined (in terms
of inhomogeneous 0-cochains) for each a ∈ AGal(K) by cor(a) = ∏dj=1 aε−1j
(see (3.2.14)). Similarly, for each P|p we have H0(Gal(KˆP), A) = AGal(KˆP)
and cor = corP: H
0(Gal(KˆP), A)→ H0(Gal(Kˆ0,p), A) is defined by cor(a) =∏dP
k=1 a
ε−1P,k . Furthermore, for each a ∈ AGal(K) and σ ∈ Gal(KˆP), aσ =
aσ
λ−1
P
= a, so resP(a) = a. Similarly, if a ∈ AGal(K0) and σ ∈ Gal(Kˆ0,p),
aσ = aσ|K˜0 = a, so res(a) = a.
Now, let a ∈ AGal(K). Then
Cor
(
Res(a)
)
= Cor(a, . . . , a) =
∏
P|p
corP(a)
=
∏
P|p
dP∏
k=1
a
ε−1i,k |K˜0 =
∏
P|p
dP∏
k=1
aηP,kε
−1
β(P,k)
Since ηP,k ∈ Gal(K) (see 3.2.13) and a ∈ AGal(K), aηP,k = a, hence
Cor
(
Res(a)
)
=
∏
P|p
dP∏
k=1
aε
−1
β(P,k)
=
d∏
j=1
aεj = cor(a) = cor(res(a)).
Thus, Cor ◦ Res = res ◦ cor in dimension 0. 
The special case of the following result for n = 1 is used in the proof of
Theorem 1 of [Neu79] without a proof.
Proposition 3.2.2. The diagram (3.2.10) commutes for every integer n ≥ 0.
Proof. Each of the four vertices in diagram (3.2.10) can be considered as a
cohomological functor in the sense of [Rib70] (p. 120, Def. 5.1). Moreover,
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res: Hn(G,A) −→ Hn(H,A) commutes with the connecting homomorphism
δ for every profinite group G, every closed subgroup H, and every finite G-
module A ([Rib70], p. 135). The same holds for the maps induced by the
conjugations with the λP’s ([NSW00], Prop. 1.5.4 and Prop. 1.6.2). Hence,
both horizontal maps in digram (3.2.10) are morphisms of cohomological
functors in the sense of [Rib70] (p. 121, Def. 5.2). The same holds for both
corestriction maps in (3.2.10), with H now open in G ([Rib70], p. 136). By
Lemma 3.2.1, Cor ◦ Res = res ◦ cor in dimension 0. Hence, the method
of dimension shifting of cohomology theory (in particular, [Rib70], p. 124,
Cor. 5.6) implies that the latter relation holds for each integer n ≥ 0, as
claimed. 
3.3 Bound on the Ramification of 1-Cocycles
This section contains the main result of this chapter.
Let K/K0 be a finite Galois extension of number fields, let p be a prime
of K0, and let P be a prime of K that lies over p. The case n = 1 of
Proposition 3.2.2 supplies a commutative diagram
(3.3.1) H1(Gal(K), A)
cor

Res //
∏
P|pH
1(Gal(KP), A)
Cor

H1(Gal(K0), A)
resp // H1(Gal(Kˆ0,p), A)
Now, suppose that Gal(K) acts trivially onA, soH1(Gal(K), A) = Hom(Gal(K), A).
Then, resP: H
1(Gal(K), A) −→ H1(Gal(KˆP), A) is defined by resP(h)(σ) =
h(σλ
−1
P ) for each homomorphism h: Gal(K) −→ A and each σ ∈ Gal(KˆP).
Recall that, as in Def. 1.2.4(b), the homomorphism h: Gal(K) −→ A is un-
ramfied at P if resP(h)(IˆP) = 1.
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Let T be a system of representatives for the left cosets of Gal(Kˆ0,p) mod-
ulo Gal(KˆP). As before, for each σ ∈ Gal(Kˆ0,p), we let σ˜ be the unique
element of T with σ˜Gal(KˆP) = σGal(KˆP). By (3.2.2), the map
corP: C
1(Gal(KˆP), A) −→ C1(Gal(Kˆ0,p), A)
is defined for each hP ∈ C1(Gal(KP), A) and for all σ0, σ1 ∈ Gal(K0,p) by
(3.3.2) corP(hP)(σ0, σ1) =
∏
τ∈T
hP(σ˜0τ
−1σ0τ, σ˜1τ
−1σ1τ)τ
−1
.
Remark 3.3.1. If p totally splits in K, the map
Cor:
∏
P|p
H1(Gal(KˆP), A)
)
P|p −→ H1(Gal(Kˆp), A)
is surjective. Indeed, Gal(KˆP) = Gal(Kˆ0,p) for each P|p, so by (3.2.9),
corP: H
1(Gal(KˆP), A) → H1(Gal(Kˆ0,p), A) is the identity map. Let hp ∈
H1(Gal(Kˆ0,p), A) and let (hP)P ∈
(
H1(Gal(KˆP), A)
)
P|p where hP = hp for
one P|p and hP′ = 1 for each P′ 6= P. Then Cor((hP)P) =
∏
P|p corP(hP) =
hP · 1 · · · 1 = hP = hp. 
Lemma 3.3.2. Suppose p ∈ P(K0) is unramified in K. For each P ∈
P(K) lying over p, let hP ∈ H1(Gal(KˆP), A) = Hom(Gal(KˆP), A) such that
hP(IˆP) = 1. Let up =
∏
P|p corP(hP). Then, up|Iˆp = 1.
Proof. For each P|p, we also denote by hP ∈ C1(Gal(KˆP), A) the homo-
geneous cochain that corresponds to hP (see (1.4.4)). Then, hP|IˆP×IˆP = 1.
Similarly, we denote up as well the homogeneous cochain corresponding to up.
Since p is unramified in K, for each σ ∈ Iˆp we have σ ∈ IˆP for each P|p, so IˆP
is a normal subgroup of Gal(Kˆ0,p). Let τ ∈ TP, where TP is a system of repre-
sentatives of the left cosets of Gal(Kˆp) modulo Gal(KˆP). Then, τ
−1στ ∈ IˆP.
Moreover, σ˜τGal(KˆP) = στGal(KˆP) = τ(τ
−1στ)Gal(KˆP) = τGal(KˆP). So
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σ˜τ = τ and σ˜τ−1στ = τ−1στ ∈ IˆP. Thus for each σ0, σ1 ∈ Iˆp we have by
(3.2.2) that
corP(hP)(σ0, σ1) =
∏
τ∈TP
hP(σ˜0τ
−1σ0τ, σ˜1τ
−1σ1τ)τ
−1
=
∏
τ∈TP
hP(τ
−1σ0τ, τ−1σ1τ)τ
−1
Since τ−1σiτ ∈ IˆP for i = 0, 1, we have hP(τ−1σ0τ, τ−1σ1τ) = 1. Hence
corP(hP)(σ0, σ1) = 1. It follows that
(3.3.3) up(σ0, σ1) =
∏
P|p
corP(hP)(σ0, σ1) = 1 for σ0, σ1 ∈ Iˆp.

Corollary 3.3.3. If A = Cl,1 × · · · × Cl,r where each Cl,j is an isomorphic
copy of Cl, we fix an 1 ≤ i ≤ r and consider the prime qi ∈ P(K0) and
the homomorphism h: Gal(K) → A given by Proposition 2.4.1. Let u =
cor(h) ∈ H1(Gal(K0), A). Then uqi = resqi(u) ∈ H1(Gal(Kˆ0,qi), A) is a
cyclic (possibly trivial) homomorphism uqi : Gal(Kˆ0,qi) −→ Cl ≤ A.
Proof. By (a) of Proposition 2.4.1, qi totally splits in K. Let Qi,1, . . . ,Qi,k
be the primes of K lying over qi and let Qi = Qi,1 the prime given by
(c) of Proposition 2.4.1. For each t = 1, . . . , k, Gal(KˆQi,t) = Gal(Kˆ0,qi),
so Gal(Kˆ0,qi) acts trivially on A. Therefore uqi is a homomorphism. Let
hQi,t = resQi,t(h) for each t = 1, . . . , k. By the diagram (3.3.1), uqi =∏k
t=1 corQi,t(hQi,t). Since, Gal(KˆQi,t) = Gal(Kˆ0,qi), the map corQi,t is the
identity map for each t = 1, . . . , k. It follows that uqi =
∏k
t=1 hQi,t . By (c)
and (d) of Proposition 2.4.1, Im(hQi,1) = 1× · · · × 1× Cl,i × 1× · · · × 1 and
Im(hQi,t) ≤ 1 × · · · × 1 × Cl,i × 1 × · · · × 1 for each t = 2, . . . , k. It follows
that Im
(∏k
t=1 hQi,t
) ≤ 1× · · · × 1×Cl,i× 1× · · · × 1. Therefore, uqi is cyclic
homomorphism. 
The following local-global result of Neukirch is an important tool for the
construction of our desired element x ∈ H1(Gal(K0), A) described in the
introduction of this chapter.
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Lemma 3.3.4 ([Neu79], Lem. 3). Let A = Crl be a simple Gal(K0)-module
on which Gal(K) acts trivially. Suppose ζl 6∈ K. Let T be a finite set of
primes of K0 and for each p ∈ T consider an element yp ∈ H1(Gal(Kˆ0,p), A).
Then there exists an element z ∈ H1(Gal(K0), A) such that, if we denote
zp = resp(z), then
(a) for each p ∈ T , zp = yp,
(b) if p ∈ P(K0)r T and zp is ramified, then p totally splits in K(ζl).
We come now to the proof of the main result of this chapter. The first
step in the construction of the element x ∈ H1(Gal(K0), A) changes each
given element yp ∈ H1(Gal(Kˆ0,p), A) to an element ηp ∈ H1(Gal(Kˆ0,p), A)
that belongs to the image of the corestriction map. After that, we shift
the ηp’s to elements of H
1(Gal(KˆP), A) and use Proposition 2.4.1 to find a
homomorphism h: Gal(K) −→ A with a bound on its ramification. The
corestriction map maps h onto an element u ∈ H1(Gal(K0), A) which when
multiplied by an element z ∈ H1(Gal(K0), A) from Lemma 3.3.4 gives the
desired element x.
Proposition 3.3.5. Let K0 ⊆ K ⊆ L a tower of finite Galois extension of
number fields such that L/K is an abelian l-extension. Suppose ζl 6∈ K.
Let A = Crl be a simple Gal(K0)-module on which Gal(K) acts trivially.
Let n be a multiple of l and let T be a finite set of primes of K0 that
contains all primes which are ramified in K. Let TK be the set of primes
of K that divide the primes in T . Suppose S0 ⊆ TK . For each p ∈ T , let
yp ∈ H1(Gal(Kˆ0,p), A). Then there exist q1, . . . , qr ∈ P(K0) r T and there
exists an element x ∈ H1(Gal(K0), A) such that, if xp = resp(x) then
(a) for each p ∈ T , xp = yp,
(b) for each p ∈ P(K0) r (T ∪ {q1, . . . , qr}), the element xp is unramified,
and
(c) for i = 1, . . . , r, the prime qi totally splits in L(ζn), and xqi : Gal(Kˆ0,qi)→
Cl ≤ A is a cyclic homomorphism.
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(d) Let G and G¯ be finite groups with A ≤ G¯, λ: G→ G¯ an epimorphism.
Suppose that |Ker(λ)| · l divides n. Then, for each i = 1, . . . , r there
exists a homomorphism x′qi : Gal(Kˆ0,qi)→ G such that λ ◦ x′qi = xqi .
Proof. By Lemma 3.3.4, there exists an element z ∈ H1(Gal(K0), A) such
that
(3.3.4) for each p ∈ T , zp = yp,
(3.3.5) if p ∈ P(K0)r T and zp is ramified, then p totally splits in K(ζl), in
particular in K.
We divide the rest of the proof in three parts.
Part A: Definition of ηp. Let V = T ∪ {p ∈ P(K0) | zp is ramified}. For
each p ∈ V we define ηp ∈ H1(Gal(Kˆ0,p), A) by
ηp = 1 for p ∈ T
ηp = z
−1
p for p ∈ V r T
(3.3.6)
Claim: For each p ∈ V , the element ηp ∈ H1(Gal(Kˆ0,p), A) lies in the image
of
(3.3.7) Cor:
∏
P|p
H1(Gal(KˆP), A) −→ H1(Gal(Kˆ0,p), A).
Indeed, the statement holds for p ∈ T since, by (3.3.6), ηp = 1 and since
Cor =
∏
P|p corP is a homomorphism of groups. If p ∈ V r T , then zp is
ramified, so by (3.3.5), p totally splits in K. It follows from Remark 3.3.1
that the map in (3.3.7) is surjective, so ηp belongs to the image of Cor as
claimed.
Part B: Shifting the ηp’s. For each p ∈ V we choose a pre-image (η˜P)P|p ∈∏
P|pH
1(Gal(KˆP), A) of ηp ∈ H1(Gal(Kˆ0,p), A), that is
(3.3.8) ηp =
∏
P|p
corP(η˜P), p ∈ V
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Let VK = {P ∈ P(K) | P|p for a prime p ∈ V }. Since Gal(K) acts trivially
on A, the map η˜P: Gal(KˆP) −→ A is a homomorphism for each P ∈ VK .
Likewise,
(3.3.9) z′ = z|Gal(K): Gal(K) −→ A
is a homomorphism. Let L′ be the fixed field of Ker(z′) in K˜. Then L′ is
a finite abelian l-extension of K, hence so is LL′. Hence the Galois closure
L′′ of LL′ over K0 is a finite abelian l-extension of K. Considering the
tower of number fields K0 ⊆ K ⊆ L′′, the set of primes VK , and the system
of homomorphisms (η˜P)P∈VK , Proposition 2.4.1, gives primes q1, . . . , qr ∈
P(K0) r V and a homomorphism h: Gal(K) −→ A such that, if we denote
hP = resP(h), then
(3.3.10) qi totally splits in L
′′(ζn) for i = 1, . . . , r,
(3.3.11) hP = η˜P, for each P ∈ VK ,
(3.3.12) for i = 1, . . . , r there exists Qi ∈ P(K) with Qi|K0 = qi such that
h(Gal(KˆQi))
∼= Cl,
(3.3.13) hP(IˆP) = 1 for each P ∈ P(K)r (VK ∪ {Q1, . . . ,Qr}),
We consider u = cor(h) ∈ H1(Gal(K0), A) and set up = resp(u) for each
p ∈ P(K0). By the commutativity of the diagram (3.3.1), by (3.3.11), and
by (3.3.8) we have
(3.3.14)
up = resp(cor(h)) = Cor(Res(h))
=
∏
P|p
corP(hP) =
∏
P|p
corP(η˜P) = ηp, p ∈ V.
Furthermore, by Corollary 3.3.3, for each i = 1, . . . , r
(3.3.15) uqi =
∏
Q|qi corQ(hQ) is a cyclic (possibly trivial) homomorphism
uqi : Gal(Kˆ0,qi) −→ Cl
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Part C: The element x. We prove that the element x = uz ∈ H1(Gal(K0), A)
satisfies Conditions (a)-(d) of the Proposition.
Proof of (a): For each p ∈ T , we have from (3.3.13), (3.3.4), and (3.3.6)
that
xp = upzp = ηpyp = 1yp = yp.
Hence, x satisfies Condition (a).
Proof of (b): Let p ∈ P(K0)r (T ∪ {q1, . . . , qr}). If p ∈ V , then, by (3.3.13)
and (3.3.6)
xp = upzp = ηpzp = z
−1
p zp = 1.
Hence, xp is unramified (Def. 3.1.2(a)). If p 6∈ V , then by the definition of V
in Part A, zp is unramified. Furthermore, since all ramified primes of K/K0
are contained in T ⊆ V , p is unramified in K. Since, by (3.3.12), hP(IˆP) = 1
for P|p, and since up =
∏
P|p corP(hP) (by (3.3.13)), it follows from Lemma
3.3.2 that up|Iˆp = 1. Hence, xp|Iˆp = up|Iˆpzp|Iˆp = 1, so xp is unramified. Thus,
x satisfies (b).
Proof of (c): Consider i between 1 and r. By (3.3.10), qi totally splits
K. On one hand,
uqi = resqi(cor(h)).
Hence by (3.3.14), uqi : Gal(Kˆ0,qi) −→ Cl ≤ A is a cyclic homomorphism. On
the other hand, since Gal(Kˆ0,qi) = Gal(KˆQi,j) and since Gal(K) acts trivially
on A, the group Gal(Kˆ0,qi) acts trivially on A, so zqi ∈ H1(Gal(Kˆ0,qi), A) is a
homomorphism and there exists Qi,j|qi such that zqi = resQi,j(z′): Gal(KˆQi,j) −→
A with z′ as in (3.3.9). Again by (3.3.10), Qi,j totally splits in L′. Since L′ is
the fixed field of Ker(z′) (Part B), it follows that zqi is the trivial homomor-
phism. Then xqi = uqi , so it is cyclic homomorphism xqi : Gal(Kˆ0,qi) −→ Cl.
Hence x satisfies (c), as desired.
Proof of (d): We fix i between 1 and r. By Condition (c), xqi : Gal(K0,qi)→ Cl
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is a cyclic homomorphism. If xqi is unramified, then by Lemma 1.2.6, there
exists a homomorphism x′qi : Gal(K0,qi) −→ G such that λ ◦ x′qi = xqi . Sup-
pose xqi ramifies. Again by Condition (c), ζn ∈ Kˆ0,qi . Since qi ∈ P(K0)r T ,
qi - l, then the result follows from Lemma 1.2.7. 
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Chapter 4
Solving embedding problems
with bounded ramification
This chapter contains the main results of this work. Given a finite Galois
extension K/K0 of number fields, an epimorphism α: G→ Gal(K/K0) with
a solvable kernel such that each of the corresponding local embedding prob-
lem is solvable, a finite subset T of P(K0) that contains Ram(K/K0), and a
local solution ϕp: Gal(Kˆ0,p) → G for each p ∈ T , there exist, under certain
conditions on the roots of unity in K, a proper solution ψ: Gal(K0) → G
of the corresponding embedding problem and a set R ⊆ P(K0) r T such ψ
coincides with ϕp for each p ∈ T (i.e. for p ∈ T , ψ defines the same local
solution field as the solution field defined by ϕp) and Ram(ψ) ⊆ T ∪ R, and
|R| = Ω(|Ker(α)|), where Ω is a well known arithmetical function (defined
in (4.2.1)). We start with the solution of the first layer, i.e. an embedding
problem whose kernel is a simple Gal(K0)-module. Then, we use induction
on the order of Ker(α). In the last section of this chapter, we give some
applications of the main result. We recall that every given homomorphism
of a profinite group is assumed to be continuous.
For the rest of this chapter, as in Definition 1.2.1, if ψ: Gal(K0) → G is
a homomorphism, then we denote ψp: Gal(Kˆ0,p) → G the local restriction
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defined by ψp(σ) = ψ(σ|K˜0).
4.1 The Principal Homogeneous Space
over H1(Gal(K0), A)
As mentioned in the previous chapters, in order to carry out the induction
step, the solution of the first layer must satisfy certain conditions. For that,
we multiply the solution obtained by the local-global principle (Lemma 1.2.8)
by a crossed homomorphism. This multiplication gives rise to an action of
the first cohomology group H1(Gal(K0), A) on the set of the solutions of the
embedding problem up to equivalence class (Definition 1.2.3), where A is the
kernel of the embedding problem which is abelian. In this section, we define
this action and determine some of its properties for the special case A = Crl .
Let K/K0 be a finite Galois extension of number fields with Gal(K/K0) = Γ.
Let G¯ be a finite group, and let α¯: G¯ −→ Γ be an epimorphism. Consider
the following embedding problem
(4.1.1) Gal(K0)
ρ

1 // A // G¯ α¯ //// Γ // 1 ,
(4.1.2) where ρ = resK˜0/K and A is a simple Γ-module with A = C
r
l , and l
is a prime number such that ζl is not fixed by Ker(ρ) (i.e. ζl 6∈ K).
(4.1.3) The action of Γ on A is defined by
Γ× A −→ A
(g¯, a) 7−→ ag¯ = g−1ag ,
where g ∈ G¯ with α¯(g) = g¯. The group A becomes a simple Gal(K0)-
module via ρ. If σ ∈ Gal(K0) and a ∈ A, then aσ = aρ(σ). In
particular, Gal(K) = Ker(ρ) acts trivially on A.
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We recall that HomΓ,ρ,α¯(Gal(K0), G¯) is the set of equivalence classes of the
solutions of (4.1.1) and HomΓ,ρ,α¯(Gal(K0), G¯)sur is the subset of equivalence
classes of the proper solutions (i.e. surjective solutions).
Lemma 4.1.1. Let ψ: Gal(K0) −→ G¯ be a homomorphism such that
α¯ ◦ ψ = ρ, and χ: Gal(K0) −→ A is a crossed homomorphism. Then
ψ · χ: Gal(K0) −→ G¯, defined by (ψ · χ)(σ) = ψ(σ) · χ(σ) for σ ∈ Gal(K0),
is a homomorphism satisfying α¯ ◦ (ψ · χ) = ρ.
Proof. Denote ψ′ = ψ · χ. For all σ1, σ2 ∈ Gal(K0), we have
ψ′(σ1σ2) = ψ(σ1σ2)χ(σ1σ2)
= ψ(σ1)ψ(σ2)χ(σ1)
σ2χ(σ2)
Since α¯(ψ(σ2)) = ρ(σ2), we have χ(σ1)
σ2 = χ(σ1)
ρ(σ2) = ψ(σ2)
−1χ(σ1)ψ(σ2).
Hence,
ψ′(σ1σ2) = ψ(σ1)ψ(σ2)ψ(σ2)−1χ(σ1)ψ(σ2)χ(σ2)
= ψ(σ1)χ(σ1)ψ(σ2)χ(σ2)
= ψ′(σ1)ψ′(σ2).
Moreover, for σ ∈ Gal(K0), α¯(ψ′(σ)) = α¯(ψ(σ))α¯(χ(σ)). Since χ(σ) ∈ A =
Ker(α¯), we have α¯(ψ′(σ)) = α¯(ψ(σ)) = ρ(σ), as desired. 
The product defined in Lemma 4.1.1 gives rise to an action of H1(Gal(K0), A)
onHomΓ,ρ,α¯(Gal(K0), G¯). If [ψ] ∈ HomΓ,ρ,α¯(Gal(K0), G¯) and x ∈ H1(Gal(K0), A),
we define [ψ′] = [ψ]x such that if ψ: Gal(K0) −→ G¯ (resp. χ: Gal(K0) −→ A)
is a representative of [ψ] (resp. of x), then ψ′ = ψ · χ is a representative
of [ψ′]. In particular, [ψ]x1x2 = [ψχ1χ2] = ([ψ]x1)x2 . This action does
not depend on the choice of the representatives of [ψ] and x. Indeed, let
ψ1: Gal(K0) −→ G¯ be another representative of [ψ]. Then there exists a ∈ A
such that ψ1(σ) = a
−1ψ(σ)a for all σ ∈ Gal(K0). If χ1: Gal(K0) −→ A is an-
other representative of x, then there exists a coboundary γ: Gal(K0) −→ A
such that χ1 = γχ. Thus, there exists b ∈ A with γ(σ) = bσb−1 for all
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σ ∈ Gal(K0). Now let ψ′′ = ψ1 · χ1. For σ ∈ Gal(K0), we have, since A is
abelian
ψ′′(σ) = ψ1(σ) · χ1(σ) = a−1ψ(σ)a · γ(σ)χ(σ)
= a−1ψ(σ)a · bσb−1χ(σ)
= a−1ψ(σ)bσab−1χ(σ).
Now, bσ = bρ(σ). Since α¯(ψ(σ)) = ρ(σ), bρ(σ) = ψ(σ)−1bψ(σ). Thus,
ψ′′(σ) = a−1ψ(σ)ψ(σ)−1bψ(σ)ab−1χ(σ)
= a−1bψ(σ)χ(σ)ab−1
= (ab−1)−1ψ′(σ)ab−1
Therefore, [ψ′′] = [ψ′] as desired.
Now suppose x = 1, i.e. x is represented by χ = 1. Hence [ψ]x = [ψχ] = [ψ].
Thus [ψ]1 = [ψ].
In a similar way, for each p ∈ P(K0), the cohomology group H1(Gal(K0,p), A)
acts on HomΓ,ρp,α¯(Gal(K0,p), G¯). These actions satisfy
[ψ]xp = [ψp]
resp(x),
for [ψ] ∈ HomΓ,ρ,α(Gal(K0), G¯), x ∈ H1(Gal(K0), A), and p ∈ P(K0).
Recall that a principal homogeneous spaceX over a groupH is a setX on
which H acts freely and transitively (from the right). Thus, if x ∈ X, η ∈ H
and xη = x, then η = 1. Moreover, for all y ∈ X there exists τ ∈ H such
that xτ = y.
Lemma 4.1.2. The setHomΓ,ρ,α¯(Gal(K0), G¯) (resp.HomΓ,ρp,α¯(Gal(Kˆ0,p), G¯))
is a principal homogeneous space overH1(Gal(K0), A) (resp.H
1(Gal(Kˆ0,p), A)),
that is the action ofH1(Gal(K0), A) (resp.H
1(Gal(Kˆ0,p), A)) onHomΓ,ρ,α¯(Gal(K0), G¯)
(resp. HomΓ,ρp,α¯(Gal(Kˆ0,p), G¯)) is transitive and free.
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Proof. Let [ψ], [ϕ] ∈ HomΓ,ρ,α¯(Gal(K0), G¯) with representatives ψ: Gal(K0) −→
G¯ and ϕ: Gal(K0) −→ G¯ respectively. Let χ: Gal(K) −→ A be the map de-
fined by χ(σ) = ϕ(σ)−1ψ(σ) for each σ ∈ Gal(K0). Since α¯(ϕ(σ)−1ψ(σ)) =
α¯(ϕ(σ)−1)α¯(ψ(σ)) = ρ(σ−1)ρ(σ) = 1, we have ϕ(σ)−1ψ(σ) ∈ A, so χ is well
defined. Moreover, χ is a crossed homomorphism. Indeed, let σ, τ ∈ Gal(K0).
Since α¯(ϕ(τ)) = ρ(τ), then
χ(σ)τχ(τ) =
(
ϕ(τ)−1ϕ(σ)−1ψ(σ)ϕ(τ)
)(
ϕ(τ)−1ψ(τ)
)
= ϕ(τ)−1ϕ(σ)−1ψ(σ)ψ(τ)
= ϕ(στ)−1ψ(στ)
= χ(στ).
Let x ∈ H1(Gal(K0), A) be the cohomology class of χ. Since ψ(σ) =
ϕ(σ)χ(σ) for each σ ∈ Gal(K0), we have [ψ] = [ϕ]x, so the action is transitive.
Now suppose that [ϕ]x = [ϕ] for some x ∈ H1(Gal(K0), A). Let χ be a rep-
resentative of x . Then, there exists a ∈ A such that ϕ(σ)χ(σ) = a−1ϕ(σ)a,
for each σ ∈ Gal(K0). Hence,
χ(σ) = ϕ(σ)−1a−1ϕ(σ)a
= (a−1)σa.
Hence χ is a coboundary, i.e. x = 1 in H1(Gal(K0), A). Thus, the action
of H1(Gal(K0), A) on the set HomΓ,ρ,α¯(Gal(K0), G¯) is free. Similar methods
hold to prove that the action ofH1(Gal(Kˆ0,p), A) on the setHomΓ,ρp,α¯(Gal(Kˆ0,p), G¯)
is transitive and free. 
Lemma 4.1.3. Let p ∈ P(K0). Let [ψ] ∈ HomΓ,ρ,α¯(Gal(K0), G¯). Suppose
[ψ] is unramfied at p. Let x ∈ H1(Gal(K0), A) such that xp = resp(x) ∈
H1(Gal(Kˆ0,p), A) is unramified. Then [ψ
′] = [ψ]x is unramified at p.
Proof. Let ψ and χ be representatives of [ψ] and x respectively. Hence
ψ · χ is a representative of [ψ′]. Let χp: Gal(Kˆ0,p) −→ A be a representative
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of xp in Z1(Gal(Kˆ0,p), A). Since xp is unramified, there exists ap ∈ A such
that for each σ ∈ Iˆp, χp(σ) = aσpa−1p (Definition 3.1.2(a)). Hence for each
σ ∈ Iˆp,
ψ′(σ) = ψ(σ)χp(σ)
= ψ(σ)aσpa
−1
p
= aσpa
−1
p ,
because ψ(σ) = 1. Now aσp = a
ρ(σ)
p . Since α¯(ψ(σ)) = ρ(σ), we have a
σ
p =
ψ(σ)−1apψ(σ) = ap. It follows that ψ′(σ) = apa−1p = 1, for all σ ∈ Iˆp. Thus
[ψ′] is unramified at p. 
4.2 Embedding Problem whose Kernel
is a Simple Gal(K0)-module
In this section we solve the first layer of our embedding problem. We con-
struct an epimorphism ψ¯: Gal(K0) −→ G¯ in such a way that the induced
second layer of the embedding problem is locally solvable, if N¯ is the solution
field (fixed field of Ker(ψ¯) in K˜0) then |µ(N¯)| and the order of the kernel of
the next layer are coprime, and we have a bound on |Ram(ψ¯)|.
Let K/K0 be a finite Galois extension of number fields with Gal(K/K0) = Γ,
let α¯: G¯ −→ Γ be an epimorphism with kernel A = Crl which is a simple
Γ-module. Suppose that ζl 6∈ K. We use the action of Gal(K0) on A defined
in (4.1.3), to make A a simple Gal(K0)-module and Gal(K) acts trivially on
A.
We start with a Lemma that will assure the surjectivity of the solution ψ¯
and handles the growth of the number of roots of unity in the solution field.
Lemma 4.2.1. Consider the embedding problem in (4.1.1). Let n be a pos-
itive integer. Let m be the minimal number of generators of Gal(K(ζn)/K).
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Suppose that gcd(n, |µ(K)|) = 1. Let T be a finite set of primes of K0. There
exist distinct primes p1, . . . , pm, q ∈ P(K0)rT which totally split in K and for
each p ∈ {p1, . . . , pm, q} there exists an element [ϕp] ∈ HomΓ,ρp,α¯(Gal(Kˆ0,p), G¯)
such that if an element [ψ¯] ∈ HomΓ,ρ,α¯(Gal(K0), G¯), satisfies [ψ¯p] = [ϕp] in
HomΓ,ρp,α¯(Gal(K0,p), G¯) then
(a) [ψ¯] is unramified at p1, . . . , pm, q,
(b) if N¯ is the fixed field of Ker(ψ¯) in K˜0 then gcd(n, |µ(N¯)|) = 1,
(c) [ψ¯] is surjective.
Proof. We break up the proof into several parts.
Part A: The choice of p1, . . . , pm. Let Gal(K(ζn)/K) = 〈σ1, . . . , σm〉. Let
TK(ζn) be the finite set of primes of K(ζn) that divide the primes in T . We ap-
ply the Chebotarev density theorem and choose, by induction on m, primes
Q1, . . . ,Qm ∈ P(K(ζn)) r TK(ζn) in such a way that
[K(ζn)/K
Qi
]
= σi for
i = 1, . . . ,m and the primes p1 = Q1|K0 , . . . , pm = Qm|K0 ∈ P(K0) r T are
distinct. For each i = 1, . . . ,m set Pi = Qi|K . Then
[K/K0
Pi
]
= σi|K = 1, so
pi totally splits in K (last paragraph of Section 1.2). Thus, K ⊂ Kˆ0,pi . Since
Gal(K) = Ker(ρ), we have that ρpi : Gal(Kˆ0,pi) −→ Γ is trivial. Hence, the
class [ϕpi ] of the trivial homomorphism ϕpi : Gal(Kˆ0,pi) −→ G¯ is an element
of HomΓ,ρpi ,α¯(Gal(Kˆ0,pi), G¯) for each i = 1, . . . ,m.
Part B: The choice of the prime q. By the Chebotarev density theorem, there
exists q ∈ P(K0) r (T ∪· {p1, . . . , pm}) which totally splits in K. Let Kˆ0,q,ur
be the maximal unramified extension of Kˆ0,q. Then Gal(Kˆ0,q,ur/Kˆ0,q) ∼= Zˆ.
Let σ be the generator of Gal(Kˆ0,q,ur/Kˆ0,q) that corresponds under this iso-
morphism to 1 of Zˆ. Let a ∈ A with a 6= 1. Then there exists unique
homomorphism ϕ¯q: Gal(Kˆ0,q,ur/Kˆ0,q) −→ G¯ that maps σ to a. Consider
the homomorphism ϕq: Gal(Kˆ0,q)
res−−−→ Gal(Kˆ0,q,ur/Kˆ0,q) ϕ¯q−−→ G¯. Since
Iˆq = Ker(Gal(Kˆ0,q) −→ Gal(Kˆ0,q,ur/Kˆ0,q)), we have ϕq(Iˆq) = 1, that is ϕq is
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unramified. On the other hand, since q totally splits in K, we have, as in Part
A, that ρq: Gal(Kˆ0,q) −→ Γ is the trivial homomorphism. If τ ∈ Gal(Kˆ0,q),
there exists s ∈ Z such that ϕq(τ) = as, hence α¯◦ϕq(τ) = α¯(as) = 1 = ρq(τ).
It follows that [ϕq] ∈ HomΓ,ρq,α¯(Gal(Kˆ0,q), G¯).
Part C: The conditions of the Lemma . Now let [ψ¯] ∈ HomΓ,ρ,α¯(Gal(K0), G¯)
such that [ψ¯p] = [ϕp] for p ∈ {p1, . . . , pm, q}. Let ψ¯ be a representative of [ψ¯],
in particular α¯ ◦ ψ¯ = ρ.
Proof of (a). For each p ∈ {p1, . . . , pm}, [ϕp] is the class of the trivial
homomorphism, so it is unramified. Hence ψ¯ is unramified at p1, . . . , pm.
Furthermore, by the definition of [ϕq] in Part B to be unramified and since
[ψ¯q] = [ϕq] (Ker(ψ¯q) = Ker(ψq)), then ψ¯ is unramified at q, as desired.
Proof of (b). Since α¯◦ψ¯ = ρ, we have Ker(ψ¯) ≤ Ker(ρ) = Gal(K). Hence, the
fixed field N¯ of Ker(ψ¯) contains K. Therefore, K ⊆ N¯ ∩K(ζn). In addition,
[ψ¯pi ] = [ϕpi ] and ϕpi is trivial, so ψ¯pi is trivial, that is ψ¯(Gal(Kˆ0,pi)) = 1, so
N¯ ⊂ Kˆ0,pi for each i = 1, . . . ,m. Hence pi totally splits in N¯ , so in N¯∩K(ζn).
Therefore, the automorphisms σ¯i =
[N¯ ∩K(ζn)/K
Pi
]
, i = 1, . . . ,m, which
generate the Galois group Gal(N¯ ∩K(ζn)/K), are all identity. It follows that
N¯ ∩ K(ζn) ⊆ K, hence N¯ ∩ K(ζn) = K. Let now d = gcd(n, |µ(N¯)|) and
let ζd be a primitive d-th root of unity. Then ζd ∈ N¯ ∩ K(ζn) = K. Thus
d| gcd(n, |µ(K)|), so d = 1.
Proof of (c). Since [ψ¯q] = [ϕq], there exists b ∈ A, with ψ¯q(τ) = b−1ϕq(τ)b,
for all τ ∈ Gal(Kˆ0,q). Since a ∈ ϕq(Gal(Kˆ0,q)) (chosen in Part B), and A
is abelian, a ∈ ψ¯(Gal(Kˆ0,q)) ⊆ ψ¯(Gal(K0)). Therefore A ∩ ψ¯(Gal(K0)) is a
non-trivial Γ-submodule of A. Since A is simple, A ⊆ ψ¯(Gal(K0)). Since
ρ: Gal(K0) −→ Γ is surjective, ψ¯(Gal(K0)) = G¯. 
(4.2.1) The arithmetical function Ω: N −→ N is defined for n = ∏mi=1 lrii ,
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where l1, . . . , lm are distinct prime divisors, by Ω(n) =
∑m
i=1 ri. There-
fore, Ω(nm) = Ω(n) + Ω(m) (See [HaW62], p. 354, Sec. 22.10).
Now we prove the main result of this section. For the next layer, we consider
an epimorphism of γ: G→ G¯ of finite groups with solvable kernel.
(4.2.2) G
γ

Gal(K0)
ρ

1 // A // G¯ α¯ //// Γ // 1 ,
Proposition 4.2.2. Consider the embedding problem in (4.2.2) with the
properties as in (4.1.2), and an epimorphism γ: G −→ G¯ with solvable kernel
from a finite group G. Let n be a positive integer multiple of |Ker(γ)|l.
Let T be a finite set of primes of K0 such that Ram(K/K0) ⊆ T . Suppose
gcd(n, |µ(K)|) = 1, and ∏pHomΓ,ρp,α¯(Gal(Kˆ0,p), G¯) 6= ∅. For each p ∈ T ,
let [ϕp] ∈ HomΓ,ρp,α¯(Gal(Kˆ0,p), G¯). There exists a set R ⊂ P(K0) r T with
|R| = Ω(|A|) and there exists an element [ψ¯] ∈ HomΓ,ρ,α¯(Gal(K0), G¯)sur such
that
(a) [ψ¯p] = [ϕp] in HomΓ,ρp,α¯(Gal(Kˆ0,p), G¯) for each p ∈ T ,
(b) [ψ¯] is unramified at each p ∈ P(K0) r (T ∪· R), that is if N¯ is the
solution field (fixed field of Ker(ψ¯)) then Ram(N¯/K0) ⊂ T ∪· R,
(c) [ψ¯p] can be lifted to an element [ψp] ∈ HomG¯,ψ¯p,γ(Gal(Kˆ0,p), G) for each
p ∈ P(K0)r T , and
(d) gcd(n, |µ(N¯)|) = 1.
Proof. Assume without loss that the basic set S0 ⊆ TK where TK is the set
of primes of K that lie over the primes in T . We break up the proof into
three parts.
Part A: The surjectivity and the number of roots of unity. Let m be the
minimal number of generators of Gal(K(ζn)/K). We choose p1, . . . , pm, q ∈
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P(K0) r T and elements [ϕp] in the set HomΓ,ρp,α¯(Gal(Kˆ0,p), G¯) for each
p ∈ {p1, . . . , pm, q} that satisfy the conditions of Lemma 4.2.1. If [ψ¯] ∈
HomΓ,ρ,α¯(Gal(K0), G¯) satisfies [ψ¯p] = [ϕp] for each p ∈ {p1, . . . , pm, q}, then
by Lemma 4.2.1:
(4.2.3) [ψ¯] is unramfied at q, p1, . . . , pm,
(4.2.4) the fixed field N¯ of Ker(ψ¯) satisfies gcd(n, |µ(N¯)|) = 1, and
(4.2.5) [ψ¯] is surjective.
Since
∏
pHomΓ,ρp,α¯(Gal(Kˆ0,p), G¯) 6= ∅, by Lemma 1.2.8, there exists an ele-
ment [ψ0] ∈ HomΓ,ρ,α¯(Gal(K0), G¯) . Our aim is to change [ψ0] by the action
of an element of H1(Gal(K0), A) to an element [ψ¯] which satisfies the con-
clusion of the Proposition.
Let N0 be the fixed field of the kernel of ψ0: Gal(K0) −→ G¯. Then, N0
is a finite Galois extension of K0 that contains K such that N0/K is an
abelian l-extension (Gal(N0/K) ≤ A).
Part B: The sets T ∗ and T ∗∗. Let T ∗ = T ∪· {q, p1, . . . , pm}. Let u1, . . . , uv ∈
P(K0) r T ∗ be the primes where ψ0 ramifies. Then each ui is unramified
in K. It follows from Lemma 1.2.6 that the unramified homomorphism
ρui : Gal(Kˆ0,ui) −→ Γ can be lifted to an element [ϕui ] ∈ HomΓ,ρui ,α¯(Gal(Kˆ0,ui), G¯)
which is unramified for each i = 1, . . . , v. Hence, if [ψ¯] ∈ HomΓ,ρ,α¯(Gal(K0), G¯)
satisfies [ψ¯ui ] = [ϕui ] for each i = 1, . . . , v, then:
(4.2.6) [ψ¯] is unramified at u1, . . . , uv.
For each p ∈ P(K0), let ψ0p: Gal(Kˆ0,p) −→ G be the restriction of ψ0 to
Gal(Kˆ0,p). Let T
∗∗ = T ∗ ∪· {u1, . . . , uv}. Then
(4.2.7) ψ0 is unramified at each p ∈ P(K0)r T ∗∗.
Consider the system ([ϕp] ∈ HomΓ,ρp,α(Gal(Kˆ0,p), G))p∈T ∗∗ . For each p ∈ T ∗∗,
by Lemma 4.1.2, there exists a unique element yp ∈ H1(Gal(Kˆ0,p), A) that
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satisfies:
(4.2.8) [ψ0p]
yp = [ϕp]
The module A is a simple Gal(K0)-module and Gal(K) acts trivially on
A. Furthermore, the set S0 is contained in the set T
∗∗
K of all primes of K
that lie over T ∗∗. Since gcd(n, |µ(K)|) = 1, we have ζl 6∈ K. Moreover,
since N0/K is an abelian l-extension, Proposition 3.3.5 gives an element
x ∈ H1(Gal(K0), A) and primes q1, . . . , qr ∈ P(K0)r T ∗∗ such that:
(4.2.9) xp = yp for p ∈ T ∗∗
(4.2.10) xp is unramified for each p ∈ P(K0)r (T ∗∗ ∪· {q1, . . . , qr}).
(4.2.11) for i = 1, . . . , r, qi totally splits in N0(ζn), and xqi : Gal(Kˆ0,qi) −→ Cl
is a cyclic homomorphism,
(4.2.12) for each i = 1, . . . , r, xqi can be lifted to a G¯-homomorphism
x′qi : Gal(Kˆ0,qi)→ G (i.e. γ ◦ x′qi = xqi).
Part C: The solution ψ¯. We prove that the element [ψ¯] = [ψ0]
x of
HomΓ,ρ,α¯(Gal(K0), G¯) satisfies the conclusion of the Proposition.
For each p ∈ T ∗∗, by (4.2.9) and (4.2.8):
(4.2.13) [ψ¯p] = [ψ0p]
xp = [ψ0p]
yp = [ϕp] in HomΓ,ρp,α¯(Gal(Kˆ0,p), G¯)
Proof of (a): Since T ⊆ T ∗∗, by (4.2.13), Condition (a) holds.
Proof of (b): Denote R = {q1, . . . , qr}. Let p ∈ P(K0)r (T ∪· R). If p ∈ T ∗∗
(that is p ∈ {q, p1, . . . , pm, u1, . . . , uv}), then, by (4.2.3) and (4.2.6), [ψ¯] is
unramified at p. If p ∈ P(K0) r (T ∗∗ ∪· {q1, . . . , qr}), then by (4.2.7) and
(4.2.10), [ψ0p] and xp are unramified. Hence, by Lemma 4.1.3, [ψ¯p] = [ψ0p]
xp
is unramified. So Condition (b) holds. Note that |R| = Ω(|A|).
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Proof of (c): Let p ∈ P(K0) r T . If p 6∈ R, then by (b), [ψ¯p] is unram-
ified. It follows from Lemma 1.2.6 that ψ¯p can be lifted to an unramified
element of HomG¯,ψ¯p,γ(Gal(Kˆ0,p), G). If p ∈ R, then, by (4.2.11), p to-
tally splits in N0(ζn), in particular in N0. Hence ψ0p: Gal(Kˆ0,p) −→ G¯ is
the trivial homomorphism. Furthermore, by (4.2.11), the homomorphism
xp: Gal(Kˆ0,p) −→ Cl satisfies
(4.2.14) [ψ¯p] = [ψ0p]
xp = [ψ0p · xp] = [xp],
because xp represents its own class. By (4.2.12), xp can be lifted to a
G¯-homomorphism x′p. Hence, also ψ¯p has the same property. Therefore,
HomG¯,ψ¯p,γ(Gal(Kˆ0,p), G) 6= ∅.
Proof of (d): From (4.2.4), the fixed field N¯ of ψ¯ satisfies gcd(n, |µ(N¯)|) = 1.
And by (4.2.5), ψ¯ is surjective, and this completes the proof. 
The epimorphism ψ¯: Gal(K0)→ G¯ defined in Proposition 4.2.2 gives rise to
an embedding problem
(4.2.15) Gal(K0)
ψ¯

1 // Ker(γ) // G
γ //// G¯ // 1 ,
with solvable kernel which will be the next layer. The condition∏
pHomG¯,ψ¯p,γ(Gal(Kˆ0,p), G) 6= ∅ is necessary in order that the global em-
bedding problem has a solution. By (c) of that Proposition, for each p ∈
P(K0)r T , HomG¯,ψ¯p,γ(Gal(Kˆ0,p), G) 6= ∅. For p ∈ T , in the next section, the
properties of the epimorphism γ and the equality [ψ¯p] = [ϕp] as in (a) of the
Proposition will allow us to show the solvability of the corresponding local
embedding problem.
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4.3 Embedding Problem with
Solvable Kernel
We are now ready to prove the main result of this work. Our approach is
similar to that of [Neu79]. However we give an explicit bound on the ramifi-
cation of our solution based on the bound given in the first layer (Proposition
4.2.2).
Construction 4.3.1. Consider the following finite embedding problem, where
H = Ker(α) is solvable,
(4.3.1) Gal(K0)
ρ

1 // H // G α // Γ // 1
It suffices to solve the problem in the case where H is non-trivial. To simplify
the notation, for each a ∈ H and each Γ-homomorphism ϕ: Gal(K0) −→ G,
let ϕa: Gal(K0) −→ G be the homomorphism defined for each σ ∈ Gal(K0)
by ϕa(σ) = a−1ϕ(σ)a (i.e. ϕa and ϕ are Ker(α)-conjugate).
Since H is solvable, it has a normal subgroup H1 such that H/H1 is a non-
trivial abelian group. Note that for each g ∈ G, Hg1 = g−1H1g is a normal
subgroup of H with H/Hg1 is abelian. The subgroup
⋂
g∈GH
g
1 is the kernel
of the homomorphism θ: H −→∏g∈GH/Hg1 defined by θ(h) = (hHg1 )g∈G for
each h ∈ H. It follows that H/⋂g∈GHg1 can be embedded in ∏g∈GH/Hg1 .
Hence H/
⋂
g∈GH
g
1 is abelian. Replacing H1 by
⋂
g∈GH
g
1 , we may assume
that H1 is normal in G. Now, we replace H1, if necessary, by a larger sub-
group of H to assume that H1 is a maximal subgroup of H with the property
that it is normal in G and H/H1 is non-trivial abelian. Lifting elements
of Γ via α followed by conjugation gives rise to an action of Γ on H/H1.
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Hence H/H1 becomes a simple Γ-module. Therefore H/H1 becomes a sim-
ple Gal(K0)-module via ρ. Thus there exist a prime number l1 and a positive
integer r1 such that H/H1 ∼= Cr1l1 .
Note that |H| = |H/H1| · |H1|. Hence by (4.2.1), we have
(4.3.2) Ω(|H|) = Ω(|H/H1|) + Ω(|H1|).
Using Proposition 4.2.2, we first solve the step:
G
pi

Gal(K0)
ρ

ψ(1)
yy
1 // H/H1 // G/H1
α¯ // Γ // 1 .
After that we apply induction on the order of H in the step
Gal(K0)
ψ(1)

1 // H1 // G
pi // G/H1 // 1 ,
and show that the obtained solution in this step is the desired solution of the
original embedding problem (4.3.1).
Theorem 4.3.2. Let K/K0 be a finite Galois extension of number fields
and consider the finite embedding problem (4.3.1) with a solvable kernel H,
where Γ = Gal(K/K0) and ρ being the restriction map. Let T be a finite set of
primes of K0 such that Ram(K/K0) ⊆ T . Suppose gcd(|H|, |µ(K)|) = 1, and∏
pHomΓ,ρp,α(Gal(Kˆ0,p), G) 6= ∅. For each p ∈ T , let [ϕp] ∈ HomΓ,ρp,α(Gal(Kˆ0,p), G).
Then there exists an element [ψ] ∈ HomΓ,ρ,α(Gal(K0), G)sur and there exists
a set R ⊂ P(K0)r T with |R| = Ω(|H|) such that
(a) [ψp] = [ϕp] in HomΓ,ρp,α(Gal(Kˆ0,p), G) for each p ∈ T ,
(b) [ψ] is unramified at each p ∈ P(K0)r (T ∪· R), that is, if N is the fixed
field of Ker(ψ), then Ram(N/K0) ⊆ T ∪· R.
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Proof. Let H1 be the normal subgroup of G contained in H with H/H1 be-
ing a simple G-module constructed in Construction 4.3.1.The proof breaks
up into three parts.
Part A: An embedding problem whose kernel is a simple Gal(K0)-module.
Let pi: G −→ G/H1 be the quotient map. Then, there exists an epimorphism
α¯: G/H1 −→ Γ with α¯ ◦ pi = α. Consider the following embedding problem:
(4.3.3) G
pi

Gal(K0)
ρ

1 // H/H1 // G/H1
α¯ // Γ // 1
Let HomΓ,ρp,α¯(Gal(Kˆ0,p), G/H1) be the set of the equivalence classes corre-
sponding to the diagram
Gal(K0)
ρ
yy
G/H1
α¯ // Γ
For each p ∈ P(K0), if [ηp] ∈ HomΓ,ρp,α(Gal(Kˆ0,p), G) and η¯p = pi ◦ ηp, then
the following diagram commutes:
Gal(Kˆ0,p)
ρp
yy
ηp
η¯p

G
α

pi
xx
1 // H/H1 // G/H1 α¯
// Γ // 1
It follows that [η¯p] ∈ HomΓ,ρp,α¯(Gal(Kˆ0,p), G/H1). Hence∏
p
HomΓ,ρp,α¯(Gal(Kˆ0,p), G/H1) 6= ∅.
For each p ∈ T , consider the element [ϕ¯p] ∈ HomΓ,ρp,α¯(Gal(Kˆ0,p), G/H1) with
ϕ¯p = pi ◦ ϕp.
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Since |H| is a multiple of l1|H1| and gcd(|H|, |µ(K)|) = 1, Proposition 4.2.2
(taking n = |H|) provides a set T1 ⊆ P(K0)r T of order Ω(|H/H1|) and an
element [ψ(1)] ∈ HomΓ,ρ,α¯(Gal(K0), G/H1)sur such that
(4.3.4) [ψ
(1)
p ] = [ϕ¯p] in HomΓ,ρp,α¯(Gal(Kˆ0,p), G/H1) for each p ∈ T ,
(4.3.5) [ψ(1)] is unramified at each p ∈ P(K0) r (T ∪· T1), that is if N (1) is
the fixed field of Ker(ψ(1)) then Ram(N (1)/K0) ⊆ T ∪· T1,
(4.3.6) for each p ∈ P(K0)r T , we may lift [ψ(1)p ] to an element of
Hom
G/H1,ψ
(1)
p ,pi
(Gal(Kˆ0,p), G), and
(4.3.7) gcd(|H|, |µ(N (1))|) = 1.
Part B: The induction step. This gives rise to an embedding problem:
(4.3.8) Gal(K0)
ψ(1)

1 // H1 // G
pi // G/H1 // 1
with a finite solvable kernel. Consider the set Hom
G/H1,ψ
(1)
p ,pi
(Gal(Kˆ0,p), G)
which corresponds to the diagram
Gal(Kˆ0,p)
ψ
(1)
p
{{
G pi // G/H1
For each p ∈ T , by (4.3.4), there exists ap ∈ H, such that for each σ ∈
Gal(Kˆ0,p)
ψ
(1)
p (σ) = pi(ap)
−1ϕ¯(σ)pi(ap) = pi(ap)−1(pi◦ϕp)(σ)pi(ap) = pi(a−1p ϕp(σ)ap) = pi◦ϕapp (σ).
(4.3.9) So [ϕ
ap
p ] ∈ HomG/H1,ψ(1)p ,pi(Gal(Kˆ0,p), G) for each p ∈ T .
It follows from (4.3.6) and (4.3.9) that
∏
pHomG/H1,ψ(1)p ,pi(Gal(Kˆ0,p), G) 6= ∅.
Moreover, (4.3.7) implies that gcd(|H1|, |µ(N (1))|) = 1.
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Consider the system ([ϕ
(1)
p ] ∈ HomG/H1,ψ(1)p ,pi(Gal(Kˆ0,p), G))p∈T∪T1 , such that
if p ∈ T then ϕ(1)p = ϕapp , and if p ∈ T1 we use (4.3.6) to choose [ϕ(1)p ].
Since H1 is solvable and |H1| < |H|, our induction hypothesis provides a
set R1 ⊂ P(K0) r (T ∪· T1) with |R1| = Ω(|H1|), and an element [ψ] ∈
HomG/H1,ψ(1),pi(Gal(K0), G)sur such that
(4.3.10) for each p ∈ T ∪· T1, [ψp] = [ϕ(1)p ] in HomG/H1,ψ(1)p ,pi(Gal(Kˆ0,p), G),
(4.3.11) [ψ] is unramified at each p ∈ P(K0) r (T ∪· T1 ∪· R1), that is if N is
the solution field then Ram(N/K0) ⊆ T ∪· T1 ∪· R1.
We set R = T1 ∪· R1. Then |R| = |T1|+|R1| = Ω(|H/H1|)+Ω(|H1|) = Ω(|H|)
(See 4.3.2).
Part C: Conclusion of the proof. Let us prove that [ψ] satisfies the conclusion
of the Theorem. Indeed, pi ◦ψ = ψ(1), so α¯ ◦pi ◦ψ = α¯ ◦ψ(1). Since α¯ ◦pi = α
and α¯ ◦ ψ(1) = ρ, we have α ◦ ψ = ρ, that is [ψ] ∈ HomΓ,ρ,α(Gal(K0), G)sur.
1

H1

Gal(K0)
ψ
yy
ψ(1)

ρ

1 // H

// G
pi

α
%%
1 // H/H1 // G/H1
α¯ //

Γ // 1
1
Furthermore, by (4.3.10), for each p ∈ T , there exists bp ∈ H1 such that for
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each σ ∈ Gal(Kˆ0,p)
ψp(σ) =
(
ϕ
(1)
p
)bp
(σ)
= b−1p a
−1
p ϕp(σ)apbp
= (apbp)
−1ϕp(σ)(apbp)
= ϕ
apbp
p (σ)
Since ap ∈ H, bp ∈ H1, we have apbp ∈ H. Therefore [ψp] = [ϕp] in
HomΓ,ρp,α(Gal(Kˆ0,p), G) for each p ∈ T , as desired. 
4.4 Solving Embedding Problems with
Solvable Kernels in K0,tot,S
In this section we give some applications of the main theorem of this work.
Let K0 be a number field and S a finite set of primes of K0. Let K0,tot,S be
the maximal Galois extension of K0 where each prime p ∈ S totally splits.
By definition
K0,tot,S =
⋂
p∈S
⋂
σ∈Gal(K0)
Kσ0,p ,
where K0,p is a henselization of K0 at p (the algebraic part of Kˆ0,p).
In particular, for a prime p we write Qtot,p rather than Qtot,{p}. In this
case the thesis [Rami13] conjectures that every finite group that can be real-
ized over Q can also be realized over Q in Qtot,p. We proved there that every
abelian group, symmetric group, and alternating group can be realized over
Q in Qtot,p. Starting from embedding problem (4.4.1), Theorem 4.3.2 allows
us now to solve it with local data and bounded ramification in K0,tot,S once
the kernel H is solvable, gcd(|H|, |µ(K)|) = 1, K ⊂ K0,tot,S, and each of the
corresponding local embedding problem is solvable. In particular, the latter
result leads to the realization of every solvable group over K0 in K0,tot,S with
bounded ramification, and to the solvability of each split embedding problem
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in K0,tot,S under the above necessary condition.
Let K/K0 be a finite Galois extension of number fields with Gal(K/K0) = Γ.
Set ρ = resK˜0/K . Consider the finite embedding problem
(4.4.1) Gal(K0)
ρ

1 // H // G α // Γ // 1
with H a solvable group. Under the conditions of Theorem 4.3.2, if K ⊂
K0,tot,S, then the embedding problem has a proper solution in K0,tot,S with
bounded ramification.
Theorem 4.4.1. Let K/K0 be a finite Galois extension of number fields, and
let S be a finite set of primes of K0 such that K ⊆ K0,tot,S. Consider embed-
ding problem (4.4.1) with a solvable kernel H, where Γ = Gal(K/K0) and ρ
being the restriction map. Suppose gcd(|H|, |µ(K)|) = 1, and∏
pHomΓ,ρp,α(Gal(Kˆ0,p), G) 6= ∅. Let T ⊂ P(K0)rS be a finite set of primes
such that Ram(K/K0) ⊆ T . For each p ∈ T , let [ϕp] ∈ HomΓ,ρp,α(Gal(Kˆ0,p), G).
There exists an element [ψ] ∈ HomΓ,ρ,α(Gal(K0), G)sur and there exists a set
R ⊆ P(K0) r (T ∪· S) with |R| = Ω(|H|), such that if we denote [ψp] =
[ψ|Gal(Kˆ0,p)] then
(a) [ψp] = [ϕp] for each p ∈ T ,
(b) the fixed field N of Ker(ψ) satisfies N ⊂ K0,tot,S,
(c) Ram(N/K0) ⊆ T ∪· R.
Proof. Since K ⊂ K0,tot,S, each p ∈ S totally splits in K, hence p is un-
ramified in K and ρp: Gal(Kˆ0,p) → Γ is the trivial homomorphism. Thus,
the equivalence class of the trivial homomorphism ϕp: Gal(Kˆ0,p) → G is an
element of HomΓ,ρp,α(Gal(Kˆ0,p), G). Let T1 = T ∪· S and consider the system
([ϕp] ∈ HomΓ,ρp,α(Gal(Kˆ0,p), G))p∈T1 .
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By Theorem 4.3.2, there exists an element [ψ] ∈ HomΓ,ρ,α(Gal(K0), G)sur
and there exists an set R ⊂ P r T1 with |R| = Ω(|H|) such that
(4.4.2) for each p ∈ T1, [ψp] = [ϕp] in HomΓ,ρp,α(Gal(Kˆ0,p), G),
(4.4.3) the solution field N (fixed field of Ker(ψ)) satisfies Ram(N/K0) ⊆
T1 ∪· R
Proof of (a). Since T ⊂ T1, (a) follows from (4.4.2).
Proof of (b). For each p ∈ S, by (4.4.2), [ψp] = [ϕp]. Since ϕp is the trivial
homomorphism, so is ψp. It follows that each p ∈ S totally splits in N . Thus
N ⊆ K0,tot,S.
Proof of (c). By (a), each prime p ∈ S totally splits in N . Since T1 = T ∪· S,
it follows from (4.4.3) that Ram(N/K0) ⊆ T ∪· R. 
An immediate consequence of Theorem 4.4.1 is that every solvable group
whose order is prime to |µ(K0)| can be realized over K0 in K0,tot,S with
bounded ramification.
Corollary 4.4.2. Let K0 be a number field and let S be a finite set of primes
of K0. Let G be a finite solvable group with gcd(|G|, |µ(K0)|) = 1. Then,
there exists a Galois extension N/K0 with N ⊆ K0,tot,S and Gal(N/K0) ∼= G
such that |Ram(N/K0)| ≤ Ω(|G|).
Proof. We set Γ = 1 the trivial group, and we consider the following embed-
ding problem:
Gal(K0)
ρ

1 // G // G α // Γ // 1 .
with α the trivial epimorphism. Then, for each prime p ∈ P(K0), the
class of the trivial homomorphism ϕp: Gal(Kˆ0,p) −→ G is an element of
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HomΓ,ρp,α(Gal(Kˆ0,p), G), so∏
p
HomΓ,ρp,α(Gal(Kˆ0,p), G) 6= ∅.
ConsideringK = K0, T = {p} for some p ∈ P(K0), and [ϕp] ∈ HomΓ,ρp,α(Gal(Kˆ0,p), G)
the class of the trivial homomorphism, by Theorem 4.4.1, there exists a
Galois extension N/K0 with N ⊆ K0,tot,S such that Gal(N/K0) ∼= G and
|Ram(N/K0)| ≤ Ω(|G|). 
The next application of Theorem 4.4.1 says that if embedding problem (4.4.1)
has a solution inK0,tot,S, then it has a proper solution inK0,tot,S with bounded
ramification.
Corollary 4.4.3. Let K/K0 be a finite Galois extension of number fields
and let S be a finite set of primes of K0. Suppose K ⊂ K0,tot,S. Consider the
embedding problem (4.4.1) with a solvable kernel H, where Γ = Gal(K/K0)
and ρ being the restriction map. Suppose gcd(|H|, |µ(K)|) = 1. If the
embedding problem (4.4.1) has a solution ψ0 (homomorphism) in K0,tot,S
then it has a proper solution ψ (epimorphism) in K0,tot,S with |Ram(ψ)| ≤
|Ram(K/K0)|+ Ω(|H|).
Proof. For each p ∈ P(K0) the local restriction ψ0,p: Gal(Kˆ0,p) → G is a
solution of the corresponding local embedding problem. It follows that∏
pHomΓ,ρp,α(Gal(Kˆ0,p), G) 6= ∅. Therefore, by Theorem 4.4.1, considering
T = Ram(K/K0), there exists a proper solution (epimorphism) ψ: Gal(K0)→
G in K0,tot,S with |Ram(ψ)| ≤ |Ram(K/K0)|+ Ω(|H|). 
Always assuming that K ⊂ K0,tot,S, Corollary 4.4.3 implies that if the embed-
ding problem (4.4.1) splits, i.e. α has a section, then it has a proper solution
in K0,tot,S with bounded ramification.
Corollary 4.4.4. Let K/K0 be a finite Galois extension of number fields
and let S be a finite set of primes of K0. Suppose K ⊂ K0,tot,S. Consider
embedding problem (4.4.1) with a solvable kernel H, where Γ = Gal(K/K0)
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and ρ being the restriction map. Suppose gcd(|H|, |µ(K)|) = 1 and the
epimorphism α splits. Then the embedding problem (4.4.1) has a proper
solution ψ in K0,tot,S with |Ram(ψ)| ≤ |Ram(K/K0)|+ Ω(|H|).
Proof. Let s: Γ→ G be a section of α, i.e. α ◦ s = idΓ. Then, the homomor-
phism ψ0 = s ◦ ρ: Gal(K0)→ G is a solution of (4.4.1) in K0,tot,S. Therefore,
our corollary is a special case of Corollary 4.4.3. 
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